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Chapter 1
Introduction
Polymers are chain molecules made up of simple repeating chemical units. These
repeating units, called monomers, are covalently bonded, and a polymer could be
composed of tens to many thousands of them. Polymer molecules vary in charac-
teristics such as stiffness and length. Some polymers contain branches while others
do not. This work examines unbranched linear polymers long enough to be flexible.
Solutions of linear flexible polymers share many universal characteristics regardless
of their particular chemical makeup.
When many polymers are combined into a liquid the result is a complex fluid
with properties partially governed by polymer interactions. In concentrated solutions
the polymers become entangled with each other, and this has a significant effect on
the response of the fluid to strain. When polymers become entangled, interactions
between the polymer chains, and the fact that they cannot pass through each other
(topological interactions), affect the polymer behavior. In particular, topological
interactions affect the transmission of stress, and the time it takes for polymers to
equilibrate or relax following a deformation. The particular polymer liquids examined
in this work are known as “melts”; a polymer melt is composed entirely of polymer
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molecules with no solvent present. As liquid-like substances polymer melts tend to
be incompressible, and are treated as such in this work.
Some polymers experience repulsive interactions with polymers of certain other
chemical species. A mixture of two such immiscible (repelling, non-mixing) polymers
will tend to separate into pure species regions similar to the way oil and water sep-
arate. At the boundary between the two separated regions there will in general be
a lower viscosity (lower resistance to flow under an applied force). For this reason
when a stress is applied to such a system it often results in a “slip” between the two
different species polymer melts. The velocity of the slip and the stress transmitted
across the interface during slip are affected by the entanglements between the two
polymer species.
2
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Figure 1.1: An illustration of a planar interface between immiscible polymer melts at equi-
librium. The polymers are of two different immiscible chemical species, and consequently
they separate into different melt regions. At the interface between the two melts the viscos-
ity is lower than in either polymer bulk. If a force parallel to the interfacial plane is applied
to the system it results in a “slip” at the interface. In such a situation the interfacial stress
and slip velocity are affected by entanglements between the two melts. Here two polymers
of different chemical species which are entangled at the interface are highlighted to illustrate
the idea of interfacial entanglement. The dotted line represents the plane along which the
average concentrations of each polymer species are equal; this is referred to as the interfacial
plane.
The purpose of this work is to examine the phenomenon of slip at entangled planar
interfaces between immiscible polymer melts. This phenomenon is examined through
theory and simulation in order to develop predictions for the relationship between the
interfacial stress (force per area) and the slip velocity. Some previous theoretical and
experimental work has been done on the topic of polymer-polymer interfacial slip,
and the current state of knowledge in this area is briefly examined below in Section
1.2 and in more detail during the history review in Chapter 2.
3
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1.1 Polymer Melts
Polymer melts are densely packed collections of polymers with no solvent present. In
homo-polymer melts all of the polymers are of the same chemical species. Polymer
melts often behave as visco-elastic liquids; that is, polymer melts exhibit both viscous
flow, and elastic response, when subjected to external forces. The degree to which a
melt exhibits viscous or elastic behavior depends on variables including properties of
the melt (such as degree of entanglement, and polymer length), the rate of deformation
the melt is subjected to, and the time scale being considered.
In a homo-polymer melt in equilibrium, the conformation of any single polymer
can usually be approximated as a random walk. An accurate random walk description
requires that the polymer be long enough relative to any “stiffness” in the polymer
backbone that sections of the polymer can be considered to have independent orienta-
tions (the random walk “step size” must be at least as large as such polymer sections).
Because all of the polymers in a homo-polymer melt are of the same chemical species
any single polymer will have the same energy interactions whether in contact with
itself or with a neighboring polymer. For this reason a polymer residing in a melt will
tend to have a randomly wandering conformation, as opposed to a polymer located
in a solvent in which solvent-philic (or phobic ) interactions could cause the polymer
to expand (or contract).
Any sufficiently long polymer located in a melt is partly topologically confined
by the neighboring polymer molecules. The motion of a polymer is consequently
partially constricted by these topological interactions. A method of understanding
this was proposed by de Gennes [1] in the concept of reptation. Reptation (from
the Latin reptar : to creep or slither) refers to diffusive motion of a polymer directed
approximately along its own length. When located in a melt a polymer is roughly
4
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confined by its neighbors to a tube-like region of space along its own length. This
topological confinement restricts polymer diffusion perpendicular to its length, but
diffusion along its length is possible. It was argued by de Gennes that polymer
reptation is the primary mechanism by which entangled polymers move, and that the
polymer melt relaxation time is the “reptation time”, which is the time it takes for a
polymer to diffuse along its own length into entirely new surroundings. The reptation
picture was successful in explaining many aspects of polymer melt stress behavior,
and is described in greater detail in Chapter 2.
1.2 Previous Studies
Understanding the phenomena of stress induced slip at polymer-polymer interfaces
is relevant to a number of commercial and scientific materials and processes. For
example, understanding the phenomena is necessary for predicting the strength and
viscosity of materials composed of polymer layers [2,3]. The phenomenon of polymer-
polymer interfacial slip has been previously examined through both experiment and
theory.
In the realm of experiment, interfacial slip between polymer layers has been found
to reduce the apparent viscosity of layered polymer materials [4–9]. In some cases
the low viscosity at polymer-polymer interfaces has been exploited to reduce friction
during polymer product extrusion by coating extruder surfaces with a second polymer
substance [10]. Experimental work has also demonstrated that the presence of slip
between polymer layers reduces the adhesion between the layers [11–14], and it has
been argued that the reduced adhesion between layers is the result of slip-induced
disentanglement of the interfacial polymers. Some experiments have suggested that
interfacial slip plays a role in the stability of polymer blends of the droplet/bulk
5
CHAPTER 1. INTRODUCTION
variety [15, 16]. During the last decade experiments done by the Macosko group at
the University of Minnesota, and by others, have studied in detail the phenomenon
of polymer-polymer interfacial slip, including determining the relationship between
interfacial stress and slip velocity [17–23]. Some of these experiments have produced
data indicating that the interfacial stress / slip velocity relationship undergoes qual-
itative changes at specific values of the applied stress.
In the realm of theory, an early model for interfacial slip and interfacial viscos-
ity was constructed by Furukawa [24]. Detailed theoretical predictions regarding the
scaling behavior of the interfacial stress/slip velocity relationship for polymer-polymer
interfaces were initially made by de Gennes, Brochard-Wyart, and coworkers [25–27].
The work by de Gennes and co-workers is the most comprehensive previous theoretical
treatment of interfacial slip at an entangled interface between polymer melts. Predic-
tions for slip behavior at an unentangled (Rouse-like [28]) interface between entangled
melts were made by Goveas and Fredrickson [29], as well as phenomenological predic-
tions for entangled interfaces. Theoretical and simulation studies of slip at an interface
between melts of short polymers (too short to be significantly entangled in the melt
bulk; below the Rouse limit) were performed by Barsky and Robbins [30, 31]. Dai
and coworkers have examined the mechanisms of polymer-polymer friction through
molecular dynamics simulation [32]. A self-consistent field theory for slip between
unentangled polymer blends was developed by Lo and coworkers [33].
Of the previous theoretical studies, this work is most similar to the examina-
tion performed de Gennes and co-workers [25–27], in that this study considers slip
at a significantly entangled polymer-polymer interface. However, the theory devel-
oped in this work includes the physical mechanism of polymer retraction, which is a
mechanism de Gennes rejects [34]. Consequently the theory here presented uses very
different physical reasoning.
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1.3 Objectives and Outline
In this work a study is made of stress induced slip at entangled planar polymer-
polymer interfaces through a combination of analytic theory and simulation. The
goal of this study is to better understand the relationship between stress and slip at a
polymer-polymer interface, and to make predictions regarding this relationship. The
stress/slip predictions are compared to recently gathered experimental data.
The remainder of this work is divided into seven chapters. Chapter 2 provides a
review of the concepts of polymer physics which are relevant to the study of polymer-
polymer interfacial slip. In Chapter 3 an analytic theory of interfacial slip is devel-
oped, and this theory is used to make predictions for the interfacial slip velocity as
a function of interfacial stress for a polymer-polymer interface. Chapters 4, 5, and
6 present a developed computer simulation of a simplified model of interfacial slip,
and describe the results: In Chapter 4 the basic simulation algorithm and model
employing a slip-link description of polymer entanglement is presented. In Chapter
5 an extension of the simulation to incorporate a self-consistent field description of a
polymer-polymer interface is described. Chapter 6 explains the simulation of interfa-
cial slip, and presents the simulation results for the stress / slip velocity relationship.
Chapter 7 compares the predictions of the theory and simulation with current exper-
imental data. Chapter 8 summarizes the findings and states the conclusions.
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A Brief History of Relevant
Polymer Physics Concepts
The purpose of this chapter is to give a brief history of the concepts of polymer
physics related to melt behavior and interfacial slip. This chapter highlights some of
the important relevant ideas and their development.
2.1 Basic Polymer Models
Polymers consist of repeating chemical units, and polymers of significant length are
flexible. Some basic models treat polymers as random walks of freely jointed linear
segments of fixed length (the straight segments are often referred to as “monomers”).
Such simple models can accurately describe polymer end-to-end distance distributions
and stretching force properties for long polymers in melt or in non-selective solvent.
These models predict the average polymer end-to-end distance to be proportional
to Nb2, where b is a length parameter known as the monomer length, and N is a
dimensionless measure of the polymer arc-length (the number of monomers in the
polymer arc). When comparing the predictions of such models to experimental data
8
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it is often the scaling that is most significant, as a precise values of N and b may not be
unique due to the polymer configuration being self-similar. The addition of stiffness
criteria to such models, or bond angle constraints, can help to describe polymers that
are not perfectly flexible.
In the 1950’s some polymer models were developed in which polymers were treated
as a series of beads of specified mass connected by Hookean springs. Such a model
developed by Rouse in 1951 [28] helped to explain the diffusion properties and relax-
ation times of polymers in dilute solution. In Rouse’s model the polymer mass and
frictional drag are associated exclusively with the beads, while the springs connecting
the beads are massless and do not contribute to drag. His model did not consider
topological interactions between polymers. In the Rouse model the fundamental poly-
mer relaxation time is known as the Rouse time and is, roughly speaking, the time
taken for the polymer center of mass to diffuse a distance of the average polymer
spatial extension in three dimensional space. After the polymer center of mass has
diffused a distance of the polymer spatial extension the polymer has randomized its
configuration with the polymer beads in new positions, consequently it has relaxed
from or “forgotten” any previous deformations or strains it had experienced. The
total polymer drag is proportional to the number of beads in the polymer, which
is proportional to the total polymer arc-length N . Through the Einstein diffusion
relation [35] this results in a polymer diffusion constant D = kBT/(Nξ), where T is
the absolute temperature, and ξ is a drag constant. Consequently the Rouse model
center of mass diffusion obeys 〈∆~r2〉 = 6kBT
Nξ
t. The equilibrium polymer spatial ex-
tension in the Rouse model obeys random walk statistics and is proportional to Nb2.
Altogether, this results in the Rouse relaxation time tR:
tR ∼ N
2ξb2
kBT
(2.1)
9
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Here and throughout this work ∼ indicates equality to within an order of magnitude.
The Rouse time is the fundamental relaxation time of unentangled linear polymers,
and has found some good agreement with experiment in the dilute regime [36]. The
Rouse time is proportional to the square of the polymer arc-length, and this relaxation
time scaling is considered characteristic for unentangled linear polymers.
Polymer subsections short enough to be individually unentangled are often thought
to explore their configuration space in the subsection Rouse time ∼ N2s ξb2/(kBT ),
where Ns is the subsection arc-length. Consequently, even long entangled polymers
may contain subsections that partially equilibrate (or equilibrate relative to other
subsections) in a timescale comparable to the subsection Rouse time.
The addition of excluded volume effects to a bead-spring model by Zimm in 1956
[37] helped to better explain the dependence of viscosity on polymer length for dilute
polymer solutions. Bead-spring polymer models helped to shed light on the behavior
of polymers in dilute solution, but the behavior of polymers in melt was not well
understood until the development of the concept of reptation.
2.2 Reptation
Probably the most important concept to have been developed in the physics of entan-
gled polymer melts is the concept of reptation, which was introduced by de Gennes in
1971 [1]. Reptation is the diffusion of a polymer along its own length. When located
in a melt, topological interactions with other polymers prevent polymer diffusion per-
pendicular to the polymer length, but diffusion along its own length is possible. Thus
the polymer is confined to an approximately one-dimensional space, and must diffuse
along this dimension a distance of its own length in order to vacate its constraints
and lose the “memory” of its previous configuration. The time it takes to do this is
10
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the fundamental relaxation time of strongly entangled polymers, and is known as the
reptation time.
An illustration of a polymer confined in a tube-like space is shown below.
Figure 2.1: An illustration of a polymer topologically confined in a tube-like space. The
confining tube is an abstraction; the tube walls represent other polymers. Places of close
topological interaction are sometimes referred to as “entanglement” points. The straight
dotted lines in the diagram are connecting entanglement points; the average length of these
lines is known as the “entanglement distance” or “tube diameter”, and is denoted as a. The
average sum of all the dotted line lengths is known as the “primitive path length” or “tube
length”, and is denoted as L.
In the illustration shown in Figure 2.1 a polymer is pictured as confined in a
tube-like space. The confining tube is an abstraction which represents neighboring
polymers; polymers are unable to pass through each other and, consequently, any
given polymer is topologically confined in the space between its polymer neighbors.
In some places a polymer will have close interactions with neighboring polymers,
and in Figure 2.1 these are represented as the places where the polymer comes into
contact with the tube. Such places of close interaction are often idealized as point-
like entities known as “entanglements”. In the figure the entanglement points are
connected by straight dotted lines, and the average value of the length of one such line
is known as the “entanglement distance” or “tube diameter”, and shall by denoted
in this work as a. The average sum of all the lengths of the straight dotted lines
connecting entanglement points is known as the “primitive path length”, or just
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the “tube length”, and is denoted as L. The distances between the entanglements
fluctuate, and a and L are average value quantities that tend to be most useful when
constructing scaling arguments.
Within the space of the confining tube a polymer will undergo diffusion that
will be mostly one dimensional and directed along the tube contour. The center of
mass diffusion of the polymer along the tube will obey the one dimensional diffusion
equation:
〈∆s2〉 = 2kBT
ζL
t (2.2)
Here ∆s is the polymer center of mass displacement along the tube length, and the
factor kBT/(ζL) is the polymer diffusion coefficient. The form of the diffusion coef-
ficient arises from the Einstein diffusion relation [35], taking the total friction to be
proportional to the total polymer length (or to the total primitive path length L since
this is proportional to the total polymer length). ζ is a drag friction coefficient conju-
gate to primitive path length, T is the absolute temperature, and kB is Boltzmann’s
constant.
It was argued by de Gennes [38] that the relaxation time for an entangled polymer
is the time it takes for the polymer to diffuse along its own length (reptate) a distance
on the order of the total primitive path length ∼ L so that the confining tube in which
it resides is completely new. This time is known as the reptation time trep. Using the
diffusion relation in Equation 2.2 the reptation time is found to be:
trep ∼ L
3ζ
kBT
(2.3)
This is the characteristic relaxation time for an entangled polymer, and consequently
is also the characteristic relaxation time for a polymer melt composed of entangled
(long) polymers. The specific prefactor for the reptation time depends on the par-
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ticular model being used to make predictions, or on the details of the polymer melt
being studied. The reptation time prediction that the relaxation time will scale as L3
has been approximately verified in experiment, though experiments often indicate the
exponent is slightly more than 3, often approximately 3.4 [39, 40]. There is evidence
that for extremely long polymers pure reptation relaxation scaling will be found with
trep ∝ L3 [40, 41], but the discussion is ongoing.
When studying the phenomenon of slip at an interface between two polymer melts
the characteristic relaxation time of the melts plays a role in determining the interfa-
cial stress / slip velocity relationship. For this reason it is necessary to understand the
reptation mechanism of polymer melt relaxation when constructing physical models
for slip at an entangled interface between polymer melts.
The reptation picture predicts that polymer relaxation times will be proportional
to the cube of the polymer length, while the Rouse polymer model predicts that
unentangled polymer relaxation times will be proportional to the square of the poly-
mer length; both of these predictions have received experimental support within the
relevant regimes [36].
2.3 Tube Models
Following the development of the concept of reptation more specific tube models
of polymer entanglement were developed and used to quantitatively predict specific
properties of polymer melts, such as stress responses and relaxation times. These
models incorporated reptation by allowing polymer diffusion along the lengths of
confining tubes which were described in mathematically specific ways. The first and
most influential tube model was developed by Doi and Edwards [36]. A portion of
the mathematical structure of the Doi-Edwards model is used in Chapter 3 of this
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work, and a further outline of the Doi-Edwards model is given in Appendix A.
Many tube models employ a physical prediction that the stress in a polymer
following a deformation is in a sense stored in the polymer tube constraints, and as
a polymer diffuses out of the tube that existed at the time of deformation this stored
stress is lost. In simpler tube treatments the polymer stress decay can be taken as
simply proportional to the rate of total fractional loss of the tube that existed at the
time of deformation. In more complex treatments the stress contribution of individual
tube segments can be considered [36].
The mathematical tube models based on the reptation idea were used to calculate
many physical melt quantities such as melt viscosity and stress response to different
types of deformations, giving results that were sometimes in good agreement with
experiment [36].
2.4 Additional Effects
After the initial development of polymer tube models based on reptation, such models
were extended to include additional effects such as contour length fluctuations [40].
Inclusion of contour length fluctuations in some models produced reptation times
scaling approximately as L3.4 as found in experiment [41]. This has lent support to
the view that reptation is the primary relaxation mechanism of entangled polymer
melts, with deviations from reptation predictions being due to smaller physical effects
such as contour length fluctuations.
In early tube theories creation and destruction of tube segments occurred only
at the polymer ends. However, all polymers in melt are experiencing reptation and
entanglements in central polymer arc regions can be created and destroyed by the
motions of the surrounding polymers. This phenomenon is collectively known as
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constraint release, and some polymer tube theories attempt to take it into account
[42, 43]. The influence of constraint release is thought to be greater on melts of
relatively short polymers with few entanglements, where the loss of of few central
entanglements could more significantly affect diffusive motion. Branched and star
polymers are also thought to be significantly affected by constraint release [42]. Melts
of long linear polymers with many entanglements are thought to be less affected as
their final relaxation will remain governed by the reptation process [42].
When an entangled polymer melt undergoes a deformation, such as a shear step,
the melt stress increases and then decreases as the polymer chains relax via the repta-
tion process. However, upon further analysis it was found that the deformation itself
can induce another relaxation process known as convective constraint release [44–47].
When a deformation stretches a polymer tube the polymer can spring back, or re-
tract, thereby vacating sections of the tube near the polymer ends, and releasing
some entanglements with other polymers. This process is known as convective con-
straint release, and it increases the rate of stress relaxation in polymer melts under
deformation. Including convective constraint release in polymer tube models has re-
sulted in predictions that are in better agreement with experiment. For example, the
Doi-Edwards tube model predicts that polymer melts undergoing a continuous shear
deformation will exhibit a stress maximum in the stress vs. shear rate data. Such
a maximum is not found in experiment, and including convective constraint release
in the predictive tube model alters the prediction so that such a maximum does not
occur [44–46].
Extending polymer models with the additional effects of contour length fluctua-
tions, constraint release, and convective constraint release, allows for models that are
in better agreement with experiment in certain cases. Including such effects increases
the model complexity, and may or may not be necessary depending on the precise
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physical behavior being studied.
2.5 Polymer-Polymer Interfaces
Some polymer species are non-mixing, or have repulsive free energy interactions upon
contact. Such polymer mixtures may separate into regions of pure species types,
and such separations can have distinctly patterned geometries. Theoretical analysis
of polymer-polymer energy interactions has produced better understanding of such
separation geometries, and of polymer-polymer interfaces in general.
Early consideration of polymer-polymer mixing was made by Huggins and Flory
[48–50]. In their work they consider the energy and entropy costs of polymer mixing,
and derive physically motivated expressions for these quantities. In their work they
express the free energy cost for contact between different species polymers (or polymer
and solvent) as proportional to an interaction parameter χ. One form of the free
energy expression gives the contact free energy penalty as ∆NAkBTχφB, where ∆NA
is an amount of species A polymer arc-length, and φB is local volume fraction of
species B polymer. In essence χ represents the degree of repulsion between the
polymer species, and larger χ leads to more strongly separated species regions (the
interfacial “thickness” of a polymer-polymer interface scales as χ−1/2). This manner
of polymer interface description is further examined in Chapter 5 of this work where
it is used to describe a planar interface between immiscible polymer melts.
The theoretical description of polymer melt interfaces was further advanced by
the work of others, notably the work of Helfand and Tagami [51, 52]. Methods of
numerically calculating self-consistent solutions for the free energy equations of poly-
mer melt interfaces were developed, which have been successful in describing self
assembling polymer-polymer interfaces (particularly for block copolymers) [53–60].
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Such self-consistent calculation of a chemical potential field describing a polymer-
polymer interface is used in Chapter 5 in which a planar polymer-polymer interface
is simulated.
2.6 Polymer-Polymer Interfacial Slip
In this work it is proposed to study the relationship between interfacial stress and
slip at an entangled planar interface between immiscible polymer melts. The only
previous theoretical work on this topic (slip at interfaces between melts of long and
entangled polymers) was performed by de Gennes, Brochard-Wyart, and collaborators
[25–27]. Experiments on the topic of polymer-polymer interfacial slip have been
recently performed by the Macosko group in the department of Chemical Engineering
and Materials Science at the University of Minnesota [11, 17–19, 61]. An outline of
the previous theoretical and experimental work on interfacial slip between entangled
polymer melts is given below.
2.6.1 Theoretical Work
The only previous theoretical work on slip between entangled polymer melts was
done by de Gennes and collaborators [25–27]. de Gennes et al. make predictions for
the behavior of the interfacial stress as a function of slip velocity, but the language
and argument they use is in some places difficult to interpret. I have not been
able to interpret the meanings of all of their statements, and their arguments are
presented here with some direct quotes (from [25, 26]) when the precise meaning of
their statements is uncertain. de Gennes et al. predict that for low interfacial slip
velocities the interfacial stress depends linearly on the interfacial slip velocity like a
viscous fluid stress “measured at the scale” of the interfacial thickness, and predict
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the interfacial viscosity ηI = η1(w/b)
2, with η1 being the in-melt monomer viscosity,
w the interfacial thickness, and b the monomer length.
de Gennes et al. predict that at a critical interfacial slip velocity V ∗, which they
give as the entanglement distance divided by the reptation time (a/trep), the inter-
face will begin to disentangle, leading to a stress plateau in this slip velocity regime.
Their argument states that at this slip velocity the tension in an entangled polymer
will be kBT/a, which will cause it to disentangle (their reason for picking this precise
value is unclear to us). They then predict that a disentangled interfacial polymer
will go through a sort of repeated entangling / disentangling process which will cause
the interfacial stress to be constant over a range of slip velocities greater than V ∗.
They state that if an interfacial polymer disentangles “we would lose the entangle-
ment effect, and the force would reduce to a Rouse force”. With the reduced force
the polymer is not so stretched in the slip direction “thus the chain expands”, which
leads to the formation of new entanglements. Thus interfacial polymers are considered
“marginally stable” over a range of slip velocities above V ∗, leading to an interfacial
stress plateau in this slip velocity regime. It is clear that de Gennes does not believe
the process is related to polymer retraction (convective constraint release), which he
clearly rejects [34]. Finally, de Gennes et al. predict that at a large enough slip veloc-
ity V2 = Z
2V ∗ (Z is the equilibrium number of bulk entanglements per polymer), all
interfacial entanglements will have been destroyed and Rouse-like interfacial rubbing
friction will be the dominant mechanism of interfacial stress, causing the interfacial
stress to depend linearly on the interfacial slip velocity.
The reasoning behind the disentanglement mechanism that de Gennes et al. pro-
pose is non-classical and rather obscure, and seems to have its origin in de Gennes’
paper “Molten Polymers in Strong Flows: A Nonclassical Proposal”, MRS Bulletin,
January, 1991 [34]. In this paper de Gennes rejects the concept of strain induced
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retraction of polymer ends, and instead proposes his own “non-classical” mechanism
of strain induced polymer disentanglement, based on the concept of an induced tube
velocity. Despite his mechanism involving a different physical picture, de Gennes uses
his non-retraction mechanism to derive some quantities (such as the viscosity of an
entangled polymer melt, Equation 7 in [34]) which are then found to have the same
value as when derived via the classical retraction mechanism. The polymer physics
community has remained convinced of the retraction mechanism, and has not followed
de Gennes in his non-classical proposal. However, de Gennes’ conclusions based on
his non-classical mechanism are often identical or similar to those derived via classical
retraction, which can make it difficult to interpret some of de Gennes’ arguments.
de Gennes et al. predict that during polymer-polymer interfacial slip, for slip
velocities above V ∗ = a/trep, the interfacial polymers will begin to disentangle, which
will then cause them to expand, which will lead to re-entanglement, causing interfacial
polymers to be in a continual semi-entangled state, resulting in interfacial stress being
constant over a range of slip velocities above V ∗. Though their disentanglement
mechanism is non-classical, the concept of an expansion of polymer chains due to
reduced flow tension is more straightforward, and is discussed by Brochard-Wyart
(one of de Gennes’ co-authors) in other works [62, 63]. Before working on the topic
of slip between polymer melts de Gennes et al. did work analyzing the slip between
a polymer melt and a grafted solid (a solid surface onto which polymer chains were
bound) [64–66]. Their work on the topic of slip at a grafted surface appears to have
influenced their treatment of polymer-polymer interfacial slip; de Gennes et al. often
parameterize their equations in the same way as for the grafted slip case (for instance,
treating the number of interfacial polymers per area as a constant parameter), though
this might not necessarily be the best way to approach the polymer-polymer slip
system.
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In this work predictions are derived for the relationship between interfacial stress
and slip velocity, and a comparison is made to de Gennes previous treatment. The
method of analysis used includes (and depends on) the physical effect of polymer
retraction, which de Gennes rejects, making this approach significantly different.
A theoretical and simulation analysis of slip at an unentangled interface between
polymer melts was made by Barsky and Robbins [30, 31]. The analysis in this work
considers an entangled interface, and is thus physically different from the situation
Barsky and Robbins consider. However, the treatment of interfacial stress due to
Rouse-like rubbing friction in Chapter 3 is equivalent to their analysis of this aspect.
Further theoretical analyses of unentangled interfaces have been made by a handful
of other groups with similar predictions [29,33].
2.6.2 Experimental Work
Detailed experimental analysis of stress induced polymer-polymer slip has presented
technical difficulty, and the most significant results have been obtained by the Ma-
cosko group at the University of Minnesota, and collaborators [11,15,17–19,61]. The
Macosko group has performed some delicate interfacial slip experiments in which
blocks of polymer composed of alternating layers of polymer melt species were ex-
posed to a shearing force. By observing the deformation of the total melt block the
slip between the layers could be calculated. In the data obtained the relationship
between the interfacial stress and slip velocity tended to obey power-law scaling, and
sometimes seemed to exhibit a plateau over a range of slip velocities [17,19] in quali-
tative agreement with the prediction of de Gennes. Examining this behavior is part
of the motivation for this further theoretical study. The theoretical analysis leads to
slip/stress predictions which are compared with experimental data at the end of this
work. In other experiments by this group polymer-polymer interfacial slip was found
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to reduce the adhesion between polymer layers, possibly indicating a slip-induced loss
of interfacial entanglements [11, 61]. Some slip experiments have been performed by
other researchers as well, though the focus of many of the other experiments is on
verifying that interfacial slip does occur, rather than in determining a stress / slip
velocity relationship [20,22].
Experimental observance of a viscosity reduction in polymer melt blends was
one of the first experimental indications of polymer-polymer interfacial slip [4–9].
Because a number of plastics products and processing operations involve layers of
different species polymer melts [2, 3, 10], gaining a better theoretical understanding
of polymer-polymer interfacial slip is likely to be practically useful.
2.7 Polymer Simulation: Slip-link Models
Many computational methods and models have been used to simulate polymer be-
havior. In the simulation portion of this work a particular entangled polymer model
known as a slip-link model is used. A slip-link polymer model treats entanglements
between polymers as sliding rings known as slip-links. The use of slip-links to rep-
resent entanglements between polymers has been a convenient abstraction that has
allowed for more tractable theoretical and simulation analysis of entangled polymers.
In some cases, such as in the simulation model presented in Chapter 4, using slip-links
to represent entanglements between polymers makes it possible to simulate each poly-
mer independently. Physically realistic detailed balance rules governing the creation
and destruction of slip-links are necessary for such a simulation to give realistic phys-
ical results. Such models have been successful in producing polymer melt responses
consistent with experiment, and this simulation strategy allows for easy simulation
parallelization.
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The idea of using slip-links to represent polymer entanglements gained traction
in the last two decades of the twentieth century. Treating an entanglement between
polymers as a connecting ring is a convenient abstraction for theoretical analysis,
and a number of papers analyzed the theoretical properties of slip-link polymer mod-
els [67–118]. A significant number of further analyses have compared the physical
predictions of slip-link models to experimental data (primarily melt stress response),
sometimes with very good result [119–138]. Slip-link models have been examined in
reviews of polymer simulation methods in which different simulation strategies are
compared [139–144].
In particular the slip-links simulations used in this work were inspired by those
of Schieber et al. [145–157] in which the polymer is modeled as a Gaussian filament,
with the simulation being coarse grained to only resolve entanglement positions. The
types of simulation presented in Chapters 4, and 5 follow a similar strategy.
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An Analytic Model of
Polymer-Polymer Interfacial Slip
3.1 Introduction
In this chapter a specific theoretical model of polymer-polymer interfacial slip is con-
structed. The model is used to make physical predictions regarding the relationship
between the interfacial stress and the interfacial slip velocity at a planar boundary
between immiscible polymer melts. The model predicts several parameter regimes in
which the interfacial stress / slip velocity relationship is qualitatively different, and
makes quantitative predictions for stress induced interfacial slip velocity values.
The purpose of this chapter is to derive the relationship between interfacial stress
and slip velocity for a planar interface between immiscible polymer melts composed of
long (highly entangled in melt) polymers using a specific model for the microstructure
of entanglement. Because an entangled interface is being considered, the analysis in
this chapter is most similar to the previous treatment by de Gennes and co-workers
[25–27], but the model here presented relies on the concept of polymer retraction, a
concept de Gennes rejected [34]. Consequently this treatment of interfacial slip uses
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very different physical reasoning.
In this chapter the analysis is divided into three major sections: Section 3.2
presents an outline of the physical model used as well as scaling arguments for differ-
ent physical quantities. In section 3.3 an analysis is made of the population dynamics
of interfacial entanglements during slip. In section 3.4 more detailed mathemati-
cal predictions for the interfacial stress behavior are made using the entanglement
population dynamics information obtained in section 3.3.
3.2 Overview
To begin, the axioms and assumptions of the model are clearly specified:
In order to construct a model of polymer-polymer interfacial slip it is first hypoth-
esized that the stress across the interface between two polymer melts is transmitted
primarily by entanglements between the different polymer species, where an “entan-
glement” is a localized topological interaction. For simplicity and for relevance to
recent experiments [17, 19, 20] a planar interface between two immiscible polymer
species is considered. The polymer solutions are treated as being in densely packed
“melt” form with no solvent present. Melts are considered to be incompressible and
of fixed polymer density. Individual polymers are modeled as inextensible flexible
non-self-interacting threads. Polymers interact topologically with other polymers;
they cannot pass through each other.
To study how interfacial entanglements between the polymer species transmit
stress across the polymer-polymer interface entanglements are modeled as “slip-links.”
Here a slip-link is a frictionless ring-like constraint in space through which a polymer is
able to slide. Though an entangled polymer is constrained to pass through a slip-link
the polymer is not required to pass through it in a particular direction; i.e. slip-links
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do not constrain polymer tangent vectors. Slip-link descriptions of entanglement have
been previously studied and used in simulation, with some success in reproducing
realistic rheological response [153, 154]. In this analysis slip-links are considered to
be created and destroyed only at polymer ends when polymer end motion forms or
releases a new entanglement (this model does not include constraint release [142]).
Polymers are considered to be of fixed length (contour length fluctuations are not
included).
In this model entanglements are treated as slip-links, and interfacial entanglements
(between the two polymer species) are given special consideration. The process of
slip is modeled as a constant velocity translation of the interfacial entanglements
(interfacial slip-links) in a direction parallel to the planar interface. The case of a
sharply defined interface is considered (the interfacial width is much less than the
average polymer spatial extension because the melts are highly immiscible), and the
slip deformation is approximated as a “perfect” slip between melts. By perfect slip
it is meant that all of the polymers of one species are in translation at constant
slip velocity V with respect to the polymers of the other species. Variations in slip
velocity within the interfacial region are ignored in this approximation; also ignored
is the stress resulting from strain deformations of the two melts. It is assumed that
the slip deformations studied do not significantly alter the interfacial density profiles.
The model presented studies the behavior of interfacial stress as induced by perfect
slip along a planar interface between highly immiscible entangled polymer melts.
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Figure 3.1: Illustration of the interfacial slip model for a polymer entangled at the polymer-
polymer interface. Entanglements are treated as ring-like constraints called slip-links. The
constant velocity translation (“slip”) of one melt relative to the other is modeled by having
interfacial entanglements translate at a constant velocity V . The polymer is subject to
drag friction proportional to its length and proportional to its velocity relative to the melt
it resides in.
The slip velocity V is directed parallel to the planar interface. In Figure 3.1 the
slip velocity is directed in the positive x-coordinate direction, while the y-coordinate
is perpendicular to the planar interface. The coordinate conventions in Figure 3.1 are
used throughout this entire work.
The polymer melts considered are composed of “long” polymers in the sense that
the average length available for single polymer transverse motion without encounter-
ing another is much less than the total polymer length. That is, the polymers in the
melt bulk are highly entangled, and their final configurational relaxation is governed
by diffusion along their length known as reptation [1]. For simplicity, the polymer
species meeting at the interface are considered symmetric; the melts have the same
polymer density and are composed of polymers that have the same length, average
distance between entanglements, monomer volumes, and friction interactions. The
entire system is at the same absolute temperature T .
In this model it is convenient to communicate in terms of polymer primitive path
length L, corresponding to the average length of the “tube” confining a given polymer.
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In the usual monomer polymer description a polymer in-melt is described as a random
walk of N straight monomer segments of length b. Each polymer resides in a tube-like
cage composed of the other surrounding polymers. The polymer experiences some
close topological interactions with the surrounding polymers; each such interaction
shall be idealized as a localized entity known as an entanglement, which in this model
is represented by a slip-link. Denoting the average number of monomers between
entanglements as Ne, and the average spatial distance between entanglements as a
(equal to
√
Neb), the polymer primitive path can be defined as the path of N/Ne
straight segments of average length a connecting the points of entanglement. The
total length of the primitive path is given by L = (N/Ne) a. It should be emphasized
that the spatial and arc-length distances between entanglements fluctuate, and the
primitive path idea is most applicable as a scaling argument concept. The total
polymer primitive path length is related to the total number of monomers through
L = Nb2/a. Though primitive path length is a concept that primarily applies to
entire polymers, or polymer sections long enough to be significantly entangled, in
this work a section with ∆N monomers will be referred to as having primitive path
s given by s = ∆Nb2/a = ∆Nb/
√
Ne. The polymer must diffuse a distance on the
order of the total primitive path length L along its own length before it has vacated
all of its entanglement constraints and its configuration is independent of its previous
configuration.
Each polymer experiences viscous frictional drag, and the drag force on a polymer
section is proportional to the number of monomers in the section, or equivalently
to the section primitive path length, and to the velocity of the section relative to
the melt background. The drag force magnitude f on a polymer section with ∆N
monomers, primitive path length s, and velocity magnitude v relative to the melt
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background is given by:
f = ξ∆Nv = ζsv (3.1)
ξ is the drag coefficient conjugate to number of monomers and ζ is the drag coefficient
conjugate to primitive path length. ξ and ζ have different units and are related by
ζ = ξa/b2 so that ξ∆N = ζs. The drag force on each polymer section is directed
opposite to the section velocity. Throughout this work all polymer sections are treated
as being at force equilibrium; it is assumed that reaching force equilibrium with
frictional drag happens extremely quickly relative to entanglement processes, and the
short time scales at which accelerations exist are not resolved.
For tractability, and because a sharp interface between highly immiscible polymers
is being considered, at first the approximation is made that even polymers located
near the interface will have low interfacial penetration and will have at most one
interfacial entanglement. This assumption is later relaxed in section 3.3.2, and the
possibility of single polymers with multiple interfacial entanglements is discussed.
During slip if an interfacial entanglement is located asymmetrically along a poly-
mer arc-length the shorter of the two polymer strands connected to the slip-link will
have less path-length to drag through the viscous medium and will experience a lower
total drag force. Consequently the viscous drag forces on the polymer will cause the
shorter of the polymer strands to retract toward the slip-link. This drag induced
retraction will tend to pull the nearest polymer end toward and through the slip-link.
This means that during slip retractive polymer motion will increase the rate of in-
terfacial disentanglement; this retractive motion will also cause surviving interfacial
entanglements to tend to be located nearer to the polymer ends.
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Figure 3.2: Illustration of slip induced retraction. The two graphics are separated by a time
interval. The shorter of the two polymer strands experiences less total friction under slip,
and moves more quickly toward the moving slip-link than the longer strand. The shorter
polymer strand retracts toward the moving slip-link and becomes shorter still. That is, slip
motion causes the interfacial (blue) slip-link to be located nearer to the polymer end in
terms of arc-length. If the polymer retracts completely through a slip-link that slip-link is
lost. Axes are shown for perspective.
Relaxation of a given polymer takes place via diffusion through the polymer’s one
dimensional tube-like surroundings. A polymer is spatially confined by its polymer
neighbors and to re-equilibrate must diffuse along its own length a distance on the
order of its own primitive path length L so that its surroundings and spatial con-
figuration are completely new. For a polymer with frictional drag proportional to
path-length (as is the case in this model) the polymer diffusion coefficient for motion
along its primitive path is D = kBT
Lζ
(via the Einstein diffusion relation [35]). The
time needed for full polymer re-equilibration via diffusion is known as the reptation
time. Using 〈∆s2〉 = 2D∆t the reptation time is given up to a scaling constant by:
trep ∼ L
3ζ
kBT
(3.2)
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Using this model of interfacial polymer interaction it is possible to make predic-
tions regarding the dependence of interfacial stress on slip velocity. Throughout this
work “interfacial stress” refers to the single component of the stress tensor σyx cor-
responding to the transmitted interfacial force parallel to the slip direction per area
of the interface. In the following subsections the physical mechanisms affecting in-
terfacial stress are examined, and an outline of the qualitative behavior of interfacial
stress at different slip velocities is presented.
3.2.1 Interfacial Stress
During slip the polymer strands connected to an interfacial entanglement partially
align in the slip direction. The slip direction stress transmitted across the interface
by interfacial entanglements σeyx will be given by the sum of the slip direction polymer
tension forces on all interfacial entanglements divided by the interfacial area. There
will additionally be a stress contribution σRyx from Rouse-like [28] rubbing friction
between the layers that is linear with respect to slip velocity. The total interfacial
stress σyx will be given by:
σyx = σ
e
yx + σ
R
yx (3.3)
The stress transmitted by interfacial entanglements may be expressed as:
σeyx =
1
Ay
2Ze∑
i=1
~τi · xˆ (3.4)
Here ~τi is the tension force acting on an interfacial entanglement from the i
th polymer
strand. Ze is the total number of interfacial entanglements, and the sum goes to 2Ze
because each interfacial entanglement is connected to two polymer strands (one on
each side). Ay is the total interfacial area.
σeyx can be altered by any of three processes: change in the total number of inter-
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facial entanglements Ze, change in the magnitude of the interfacial polymer strand
tensions |τi|, or change in the alignment of the interfacial polymer strands in the slip
(xˆ) direction.
If retractive polymer motion during interfacial slip causes a polymer end to pull
out of an interfacial entanglement the entanglement is lost. New entanglements are
formed at polymer ends by the motion of the polymer chain into new regions, but
if entanglement destruction happens more quickly than entanglement creation via
polymer diffusion the result will be a decrease in the average number of interfacial
entanglements. For slip-induced interfacial entanglement destruction to occur the
entanglement must slip a distance on the order of the polymer primitive path length
L. If entanglement destruction takes place on a timescale less than the polymer
re-equilibration time (the reptation time trep) the average number of interfacial en-
tanglements will be significantly reduced. This defines a slip velocity scale V ∗∗ for
the onset of significant entanglement destruction:
V ∗∗ ∼ L
trep
∼ kBT
L2ζ
(3.5)
When the interfacial slip velocity exceeds V ∗∗ the concentration of interfacial entan-
glements will be significantly reduced below the equilibrium value.
During slip a polymer attached to a moving interfacial entanglement will be pulled
through the viscous melt background, and the frictional drag forces acting on it will
cause an increase in the average polymer tension. An upper bound estimate of the
scale of this tension increase may be obtained by considering the case where an
interfacial entanglement is located exactly in the polymer center. When the slipping
interfacial entanglement is located exactly in the polymer center the drag forces on
the strands on either side of the entanglement are balanced and no retraction will
occur (until fluctuations cause the interfacial entanglement to be displaced from the
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polymer center). While the interfacial entanglement is centrally located the entire
polymer will be pulled along at the entanglement slip velocity V . The absence of
retraction means that the polymer is experiencing the maximum possible total drag
force because retractive motion lessens the total drag experienced by a polymer.
With the entire polymer translating at slip velocity V the total drag experienced
by a polymer strand (length L/2), and consequently the increase in tension at the
position of the slip-link ∆τ , will be given by:
∆τ =
ζLV
2
(3.6)
It was previously argued that above slip velocity V ∗∗ (Equation 3.5) the number of
interfacial entanglements between the melts is significantly reduced. If V ∗∗ = L/trep
is taken as the characteristic slip velocity for the onset of significant slip-induced
disentanglement the magnitude of the maximum polymer tension increase at this
onset is:
∆τ(V ∗∗) =
L2ζ
2trep
∼ kBT
L
(3.7)
The polymer possesses a thermal equilibrium tension τ0, and if the polymer is
treated as a Gaussian filament in a manner like that used in the model of Doi and
Edwards [36] this tension is given by:
τ0 =
3kBT
a
(3.8)
This equilibrium tension can be derived if a polymer is considered to be a Gaussian
filament fixed average distance between entanglements a, with a stretching force be-
tween entanglements ~f = 3kBT ~Qs/a
2, where ~Qs is the end-to-end vector between
two entanglements. When at equilibrium at temperature T , the ~Qs distribution will
be Gaussian: P ( ~Qs) ∝ exp[−3 ~Q2s/(2a2)]. The root-mean-square value of ~Qs is then
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equal to a, and this results in the average force between entanglements at equilibrium
(the tension) being equal to 3kBT/a.
As can be seen from Equations 3.7 and 3.8 for tightly confined polymers with
a  L the thermal equilibrium tension will be much greater than the drag induced
tension increase at slip velocity V ∗∗; that is ∆τ(V ∗∗)  τ0. In fact the maximum
drag induced tension increase only becomes comparable to the equilibrium thermal
tension at a slip velocity on the order of L
a
V ∗∗. This argument estimates the upper
bound for the drag-induced tension increase, and if a given entanglement is located
nearer to a polymer end the tension increase will be smaller. For tightly confined
polymers this means that, for the purposes of calculating stress, the polymer strand
tensions are well approximated by the thermal tension τ0 for all slip velocities up to
and exceeding the disentanglement characteristic velocity V ∗∗. Additionally, for slip
velocities significantly above V ∗∗ the interface is expected to become disentangled
as previously discussed, which suggests that drag induced polymer tension increase
never significantly contributes to the interfacial stress.
During interfacial slip the polymer strands attached to a translating interfacial
entanglement will partially align in the slip direction. As the polymer tension forces
acting on an interfacial entanglement become more aligned in the slip direction in-
terfacial stress will increase.
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Figure 3.3: Illustration of slip-induced strand alignment. The polymer strands connected
to an interfacial entanglement align during interfacial slip. The strand end-to-end vectors
between entanglements ~Qi become more aligned in the slip (xˆ) direction. Consequently
the strand tension forces become more aligned in the slip direction, causing an increase in
interfacial stress. The polymers are considered to continue to the left and right beyond
what is pictured. Axes are shown for perspective.
If the average equilibrium spatial distance between polymer entanglements is a
an interfacial entanglement will need to slip a distance of order a for the connected
strands to become significantly aligned in the direction of slip. If this alignment
happens in a timescale shorter than the polymer relaxation time (trep) the exist-
ing interfacial entanglements will be connected to polymer strands which are nearly
aligned in the direction of slip. This defines a slip velocity scale V ∗ for the onset of
interfacial strand alignment:
V ∗ ∼ a
trep
∼ akBT
L3ζ
(3.9)
This velocity scale argument predicts that when the interfacial slip velocity ex-
ceeds V ∗ the existing polymer strands connected to interfacial entanglements will be
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nearly aligned in the direction of slip. The characteristic velocity of alignment is
smaller than the characteristic velocity of entanglement destruction by the ratio of
the entanglement distance to the polymer primitive path length; V ∗ = (a/L)V ∗∗.
For tightly confined polymers (a L) the characteristic slip velocities V ∗ and V ∗∗
will be widely separated. At intermediate slip velocities V ∗ < V < V ∗∗ the polymer
strands will be nearly aligned in the slip direction but the number of interfacial
entanglements will not be significantly changed from the zero slip value. This allows
the definition of a characteristic stress scale σ∗yx for this intermediate velocity regime:
σ∗yx = 2ρ0
3kBT
a
(3.10)
ρ0 is the zero slip equilibrium number of interfacial entanglements per area, and
3kBT/a is the strand thermal equilibrium tension (polymer tension is little altered at
this slip velocity scale, as previously discussed). A factor of 2 is present in Equation
3.10 because each interfacial entanglement is attached to two interfacial strands. σ∗yx is
the interfacial stress corresponding to the presence of the zero slip equilibrium number
of interfacial entanglements each connected to two polymer strands with equilibrium
tension completely aligned in the slip direction.
The value of ρ0 may be estimated in terms of the interfacial width w and monomer
volume ν. If the interfacial region has width w the number of monomers per area of
the interface may be estimated as w/ν. If the average number of monomers between
entanglements in the bulk is Ne the probability of a monomer possessing an entangle-
ment of any type can be approximated as N−1e . If the same entanglement probability
applies in the interface, the probability of a monomer in the interface forming an
interfacial (inter-species) entanglement may be approximated as (2Ne)
−1, where here
the factor of two arises from the approximation that interfacial monomers are on
average in contact half with monomers of the same species and half with monomers
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of the other species. Altogether then ρ0 is estimated as:
ρ0 ∼ w
2Neν
=
w
2ν
b2
a2
(3.11)
Finally, if the Flory-Huggins description of polymer interaction [48, 49] is used the
interfacial width w may be expressed as:
w =
b√
6χ
(3.12)
Here χ is the Flory-Huggins polymer-polymer interaction strength parameter [48,49].
At the interface between two slipping polymer melts the polymers belonging to
each melt will experience Rouse-like rubbing friction from their interaction with the
opposite melt polymers which are in relative motion. A number of polymers from
each melt will penetrate some amount into the other, and will experience a drag force
from the surrounding polymers which are in relative translation at the slip velocity
V . If the friction coefficient for interactions between the polymer species is the same
as the friction coefficient for polymer self-interactions an order of magnitude estimate
for the Rouse-like stress contribution σRyx may be made:
σRyx ∼
w
ν
ξV (3.13)
Here ξ is the monomer friction coefficient, V is the interfacial slip velocity, w is the
width of the interface, and ν is the monomer volume (considered the same for both
polymer species). w/ν is the number of monomers per area present in the interfacial
region. It is assumed that the interfacial monomer density profiles are not significantly
altered by the slip deformation. An expression for σRyx which includes numerical
prefactors can be obtained through a method employing the Helfand-Tagami analytic
description of concentration profiles at an interface between immiscible melts of long
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polymers [51, 52], as discussed in section 3.4.3.
The stress due to Rouse-like rubbing friction increases linearly with slip velocity,
and the stress transmitted via interfacial entanglements decreases for slip velocities
above V ∗∗ as interfacial entanglements are destroyed. Consequently, at some slip
velocity the stress due to rubbing friction will become the dominant component of
the interfacial stress. The behavior of the stress due to Rouse-like rubbing friction
is independent of the total polymer length (assuming L  w). As a measure of
when the Rouse-like stress becomes dominant consider the slip velocity VR where
the Rouse-like stress σRyx is equal to the characteristic stress due to polymer strand
alignment σ∗yx (Equation 3.10). VR is found to be:
VR ∼ ν
w
ρ0
ξ
kBT
a
(3.14)
Using the estimate for ρ0 in Equation 3.11 this becomes:
VR ∼ 1
Neξ
kBT
a
=
kBT
a2ζ
(3.15)
This may be compared to the characteristic slip velocity for the onset of interfacial
entanglement destruction V ∗∗ (Equation 3.5):
VR ∼
(
L
a
)2
V ∗∗ (3.16)
This result indicates that for strongly confined polymers (a  L) the Rouse-like
friction will only become dominant at slip velocities much larger than V ∗∗ where all
interfacial entanglements have been destroyed.
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3.2.2 Interfacial Stress Slip Velocity Regimes
The physical mechanisms altering interfacial stress during slip become significant at
different slip velocity scales. The characteristic slip velocity at which the polymer
strands become aligned in the slip direction is V ∗ ∼ a/trep. For tightly confined
polymers at slip velocities below V ∗ interfacial stress increase is primarily due to
strand alignment. At slip velocities above V ∗ the polymer strands are primarily
aligned in the slip direction, and strand alignment is therefore incapable of increasing
stress further.
The characteristic slip velocity of interfacial entanglement destruction is V ∗∗ ∼
L/trep. Above V
∗∗ slip-induced polymer retraction significantly reduces the number
of interfacial entanglements. For tightly confined polymers, with a  L, a wide slip
velocity regime between V ∗ and V ∗∗ will exist in which the interfacial polymer strands
are nearly aligned, but the number of interfacial entanglements is not significantly
reduced from the equilibrium value. In this intermediate regime an interfacial stress
plateau is expected, with a plateau stress σ∗yx (Equation 3.10).
An estimate was made for the maximum possible slip induced polymer tension
increase. It was found that the interfacial slip velocity at which the maximum pos-
sible slip induced tension increase becomes comparable to the equilibrium tension is
on the order of L
a
V ∗∗. This upper bound estimate for the tension increase ignores
tension decreasing retraction effects. For this reason the polymer tension is well ap-
proximated by its equilibrium thermal tension value τ0 = 3kBT/a for slip velocities
even significantly exceeding the interfacial disentanglement slip velocity V ∗∗. Because
the polymer-polymer interface is expected to be nearly disentangled at slip velocities
much greater than V ∗∗ it is expected that polymer tension increase never significantly
contributes to the interfacial stress.
The slip velocity at which Rouse-like rubbing friction becomes the dominant in-
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terfacial stress mechanism is expected to be much larger than V ∗∗. The Rouse-like
friction contribution to interfacial stress will only become comparable to the plateau
stress σ∗yx at a slip velocity VR ∼ (L/a)2V ∗∗. As a consequence a stress decrease is
expected to occur in the slip velocity regime V ∗∗ < V < VR, where the interface
will have become significantly disentangled but the Rouse-like stress will not yet have
become dominant. Below is a schematic of the expected behavior of interfacial stress
as a function of slip velocity.
1.´10-4 1.´10-3 1.´10-2 1.´10-1 1. 1.´101 1.´102 1.´103 1.´104
0.01
0.05
0.10
0.50
1.00
5.00
V V **
Σxy
Σxy
*
Figure 3.4: Schematic of the qualitative behavior of interfacial stress σyx as a function of
slip velocity V . Stress is in units of the characteristic alignment stress σ∗yx = 6ρ0
kBT
a . Slip
velocity is in units of the characteristic slip velocity for onset of slip-link destruction V ∗∗ ∼
L/trep. A stress plateau region exists at slip velocities above the characteristic slip velocity
of interfacial strand alignment V ∗ ∼ a/trep but below the characteristic disentanglement
slip velocity V ∗∗. trep ∼ L3ζkBT . At some slip velocity VR stress due to Rouse-like rubbing
friction becomes dominant. The plot is for a system with L = 100a giving V ∗ = 0.01V ∗∗
and VR = 60000V
∗∗. Both axes are in logarithmic scale.
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3.3 Slip-link Population Dynamics
In this section an analysis of the population dynamics of interfacial entanglements
during slip is made. First the case where each polymer near the interface has at most
one interfacial entanglement is considered. Then the more general case of multiple
interfacial entanglements per polymer is considered, including how the presence of
multiple interfacial entanglements affects the interfacial slip-stress relationship.
3.3.1 Single Interfacial Slip-link Per Chain
As slip proceeds the polymer strands on either side of an interfacial slip-link experience
an increase in tension due to the drag force opposing motion. This tension increase due
to drag (though expected to be small compared to the polymer thermal equilibrium
tension τ0 as discussed in section 3.2.1) is the mechanical effect that drives slip-induced
polymer retraction. Considering the polymer strands connected to an interfacial
entanglement such as in Figure 3.3, the tensions τ in the polymer strands meeting at
the position of the interfacial slip-link can be approximated for slip velocities above
V ∗. For slip velocities V > V ∗ the strands are primarily aligned in the direction of
slip, and the strand tensions are given by:
τ1 = ζs(V − s˙) + τ0 (3.17)
τ2 = ζ(L− s)(V + s˙) + τ0 (3.18)
Here s is the primitive path position of the interfacial slip-link relative to one poly-
mer end (the primitive path length between the slip-link and that polymer end). L is
the total polymer primitive path length, and V is the slip velocity (the translational
velocity of the interfacial slip-link). τ0 is the thermal equilibrium tension present in
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each strand (Equation 3.8), which is on average uniform over the entire polymer and
identical for each strand.
The mechanical requirement that the strand tensions immediate to the sides of
the interfacial slip-link be equal (τ1 = τ2, the slip-link is considered frictionless in
this model) results in an equation for polymer path length retraction through the
slip-link:
s˙ = V
(
2s
L
− 1
)
(3.19)
The meaning of this equation can be briefly summarized in the statement that
the shorter of the polymer strands experiences less total viscous drag friction during
slip, and consequently has its path length reduced as it is pulled through the slip-link.
This “retraction” of the shorter strand under slip can also be intuitively understood
as a tendency of the interfacial entanglement to pull off the nearest polymer end.
In addition to slip-induced retractive motion the polymer also experiences one
dimensional diffusion, known as reptation, within its tube like surroundings. In the
absence of slip the diffusive motion of the polymer would eventually distribute the
interfacial entanglements evenly along the polymer path length (the approximation
is made that entanglement position along the chain contour is independent of entan-
glement position in space when in equilibrium without slip).
The combined effects of reptation and retraction can be expressed in a Fokker-
Planck equation for the density of slip-links along the polymer primitive path length.
∂ρ˜(V, s, t)
∂t
= − ∂
∂s
(s˙ρ˜(V, s, t)) +
kBT
Lζ
∂2ρ˜(V, s, t)
∂s2
(3.20)
Here ρ˜(V, s, t) is the slip-link area density per primitive path length. The first term
on the right in Equation 3.20 represents the effect of retraction by which the shorter
polymer strand is pulled toward the interfacial entanglement during slip. The second
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term on the right represents the effect of the one-dimensional diffusive motion of the
polymer in its tube-like surroundings. At zero slip velocity ρ˜ satisfies the condition∫ L
0
ρ˜ dL = ρ0, with ρ0 being the zero-slip equilibrium interfacial entanglement area
density. Including the expression for s˙ (Equation 3.19) the expression becomes:
∂ρ˜(V, s, t)
∂t
= V
(
1− 2s
L
)
∂ρ˜(V, s, t)
∂s
− 2V
L
ρ˜(V, s, t) +
kBT
Lζ
∂2ρ˜(V, s, t)
∂s2
(3.21)
It is possible to find steady state solutions to Equation 3.21 after imposition of
boundary conditions. To determine what boundary conditions are appropriate the
modeling choice is made that interfacial entanglements are created only at polymer
ends by the motion of a polymer end into new regions (the motion of a polymer end
into new regions provides the possibility of new entanglement with other polymers).
Similarly slip-link destruction takes place only at polymer ends. If the creation and
destruction processes are sufficiently fast the slip-link density at the polymer ends will
be constant. The dangling polymer ends are considered to explore their surrounding
space very quickly (via Rouse-like motion) compared to the time it takes for the
configuration of the central entangled portions of the polymer to significantly change.
For this reason very fast slip-link creation and destruction at the polymer ends is
assumed, and thus the boundary conditions for Equation 3.21 are that the slip-link
probability density at the polymer ends is constant, and equal to its equilibrium value
when no slip is present. That is, the boundary conditions are:
ρ˜(0, 0, t) = ρ˜(0, L, t) =
ρ0
L
(3.22)
Finding the steady state (∂ρ˜
∂t
= 0) solutions for 3.21 using the conditions in 3.22
gives:
ρ˜(V, s) =
ρ0
L
exp
[
− V
V ∗∗
s
L
(
1− s
L
)]
(3.23)
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V ∗∗ is the solution characteristic velocity found to have the value:
V ∗∗ =
kBT
L2ζ
(3.24)
Plotting this for different values of the slip velocity V yields:
V = 0.0
V = V **
V = 3 V **
V = 10 V **
V = 30 V **
Figure 3.5: Interfacial entanglement density ρ˜ (interfacial entanglements per interfacial area
per primitive path length) as a function of primitive path position s. L is the total polymer
primitive path length and ρ0/L is the zero slip equilibrium density. Steady state solutions
at different slip velocities V are shown. For higher slip velocities slip-links become more
clustered near the polymer ends. The slip-link density is fixed at the polymer ends due to
fast creation and destruction in those regions. The model has characteristic disentanglement
slip velocity V ∗∗ = kBT
L2ζ
. Slip velocities indicated near the associated curve.
As slip velocity increases it can be seen that the interfacial entanglements become
more closely clustered around the polymer ends. Because slip-links are created at the
polymer ends they reach the center of the polymer only through reptative polymer
diffusion. For larger slip velocities the process of polymer retraction becomes stronger,
which tends to pull the nearest polymer end toward the slip-link more quickly and
increase the rate of slip-link disentanglement. Consequently, for higher slip velocities
the retractive polymer motion, and the decreased average time of slip-link existence,
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tend to decrease the likelihood that polymer reptation will enable an interfacial en-
tanglement to reach the middle of the polymer.
The steady state interfacial entanglement area density for slip velocity V can be
obtained through integration, ρ(V ) =
∫ L
0
ρ˜(V, s) ds. As can be seen from Figure
3.5 when slip velocity V is increased the area under the ρ˜(V, s) curve is decreased,
resulting in a decreased number of interfacial entanglements. Integrating to find ρ(V )
yields:
ρ(V ) =
∫ L
0
ρ0
L
exp
[
− V
V ∗∗
s
L
(
1− s
L
)]
ds (3.25)
ρ(V ) = ρ0Φ (V/V
∗∗) Φ(x) ≡ 2√
x
e−x/4
∫ x/4
0
ey
2
dy (3.26)
ρ(V ) is found to be a monotonically decreasing function of slip velocity V , which
indicates that for higher slip velocities fewer interfacial entanglements are present.
The function Φ(x), defined above, expresses information concerning the fraction of
remaining interfacial entanglements. The functional form of Φ(x) is similar to a
function known as the Dawson Function. The fraction of interfacial entanglements
remaining at slip velocity V will be given by ρ(V )/ρ0 = Φ(V/V
∗∗).
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Figure 3.6: Fraction of surviving interfacial entanglements (slip-links) vs. slip velocity V .
Both axes are in logarithmic scale. Slip velocity is in units of the characteristic disentan-
glement slip velocity V ∗∗ = kBT
L2ζ
.
As can be seen in Figure 3.6 the fraction of interfacial entanglements remaining
begins to drop significantly when the slip velocity V is above the characteristic velocity
V ∗∗. Thus V ∗∗ can be thought of as the characteristic slip velocity for the onset of
interfacial entanglement destruction. When the slip velocity is above V ∗∗ the two
polymer melts have become significantly disentangled from one another. From an
intuitive point of view V ∗∗ is approximately equal to the total polymer length divided
by the reptation time; thus if an interfacial entanglement has slipped a distance equal
to the total polymer length in a time less than or equal to a reptation time (the total
polymer relaxation time) then it is likely that a polymer end has retracted through
(released) the entanglement without the entanglement having been repositioned along
the polymer or replaced by another through diffusive polymer motion.
In the highest slip velocity asymptotic limit (V  V ∗∗) the fraction of interfacial
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entanglements remaining is given by:
ρ(V )
ρ0
=
2V ∗∗
V
(3.27)
3.3.2 Multiple Interfacial Slip-links Per Interfacial Polymer
In this section the possible effects of having more than one interfacial entanglement
per interfacially entangled polymer are considered. It is found that the presence of
multiple moving interfacial slip-links has the effect of increasing the polymer retrac-
tion velocity, and the retraction velocities induced by each interfacial slip-link are
additive. This has the effect of decreasing the interfacial slip-link lifetimes. The mag-
nitude of multiple interfacial slip-link effects is found to depend on the dimensionless
quantity λI ≡ (wI/a)
√
L/a, where wI is the interfacial width. When λI  1 the
influence of multiple interfacial slip-links per polymer becomes negligible. The full
analysis is given below.
Consider the case where each interfacially entangled polymer has M+1 interfacial
entanglements (for simplicity all interfacially entangled polymers are here considered
to have the same number of entanglements in equilibrium, and variations in M are
ignored). This situation can be solved in the same manner as the single interfacial
slip-link situation, making mechanical arguments for tension and retraction for any
chosen number of interfacial slip-links translating at slip velocity V . However, upon
analysis a simpler method is found to be valid; the primitive path length retraction
velocity s˙ across a given interfacial slip-link is found to be altered by the presence
of other interfacial slip-links in an additive manner. That is, the retraction velocity
across any given interfacial slip-link is given by:
s˙ = V
(
2s
L
− 1
)
− 2V
M+∑
i
(
1− si
L
)
+ 2V
M−∑
j
sj
L
(3.28)
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Here the first term in Equation 3.28 represents the self-induced retraction, caused
by the motion of the interfacial entanglement being considered. The second term
represents the retraction induced by the M+ interfacial slip-links residing between the
considered interfacial slip-link at location s and the higher primitive path coordinate
polymer end (at s = L). The third term represents the retraction induced by the
M− slip-links residing between s = 0 and the considered interfacial slip-link at s.
A positive s˙ represents primitive path length retraction across the slip-link toward
the lower primitive path coordinate direction (the sign of s˙ is the sign of the slip-link
velocity in the space of path length). All interfacial slip-links are treated as translating
through space at slip velocity V . Equation 3.28 also assumes that between each
interfacial slip-link there is at least one non-interfacial (like-species) entanglement.
To evaluate the total s˙ at one interfacial slip-link first the probability of other
interfacial slip-links being located at various positions along the polymer primitive
path must be determined. To this end, consider the conditional probability path
density P (s′|s) that given one interfacial slip-link at path position s another interfacial
slip-link will be found an infinitesimal path distance from path position s′. Self-
consistent field theory indicates that an interface between highly immiscible polymer
melts acts as a reflecting boundary [158, 159]. Considering such a highly immiscible
reflecting interface makes it possible to determine an analytic expression for P (s′|s).
The probability density for the end-to-end distance of a polymer with one end at the
interface is consequently a half Gaussian function (a “reflected” Gaussian). Using this,
it can be argued that an approximate expression for P (s′|s) in equilibrium without
slip is given by:
P (s′|s)ds′ =
[
wI
(
6
pi|s′ − s|a
)1/2](
ds′
a
)
(3.29)
The portion of Equation 3.29 in brackets is the probability that a Gaussian thread
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with primitive path point s located at a reflecting interfacial plane will also have
path point s′ located within spatial width wI of the interfacial plane (the return
probability). wI is a measure of the interfacial width which is taken as defined by
Equation 3.29; wI can be thought of as the distance from the interfacial plane in
which interfacial entanglements are formed. a−1 is taken as the probability density of
a section of primitive path length forming any type of entanglement (in this analysis
this is equivalent to taking N−1e as the probability of a monomer forming any type
of entanglement). Consequently ds′/a is the probability that small primitive path
length ds′ forms an entanglement in the region being considered. Using Equations
3.28 and 3.29 an approximate expression for the average retraction at an interfacial
slip-link at primitive path position s on a polymer with multiple interfacial slip-links
may be obtained:
s˙(s) = V
(
2s
L
− 1
)
+ 2V
∫ L
0
P (s′|s)
[
Θ(s− s′)s
′
L
−Θ(s′ − s)
(
1− s
′
L
)]
ds′ (3.30)
Here the Θ represents the Heaviside step function, and the quantity in brackets can
be thought of as a sort of Green function for the retraction velocity induced by other
interfacial slip-links. Using Equation 3.29 and performing the integration yields:
s˙(s) = V
(
2s
L
− 1
)
+
8
3
√
6
pi
V
wI
a
√
L
a
(( s
L
)3/2
−
(
1− s
L
)3/2)
(3.31)
Equations 3.30 and 3.31 are approximate due to the approximate reflecting boundary
treatment for strongly segregated interface, which results in the zero slip equilib-
rium return probability P (s′|s) in Equation 3.29. Consequently these expressions are
expected to be most accurate for a strongly immiscible interface, and for low slip
velocities before retraction has significantly altered the slip-link path position profile.
The impact that multiple interfacial entanglements per chain have on the average
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path retraction velocity is governed by the dimensionless quantity:
λI =
wI
a
√
L
a
(3.32)
It can be seen that as this quantity approaches zero the retraction velocity in Equa-
tion 3.31 approaches the retraction velocity in the single interfacial entanglement per
polymer case given in Equation 3.19. wI is a measure of the interfacial width expected
to be proportional to the common definition of interfacial width (Equation 3.12); wI is
taken to be probabilistically defined by Equation 3.29. For narrow enough interfaces
the single interfacial slip-link per polymer treatment becomes valid.
It is possible to express λI in terms of the number of interfacial slip-links on an
interfacially entangled polymer. Choosing a polymer with at least one interfacial
entanglement M is taken to be the total number of other interfacial entanglements
when at equilibrium without slip (the total number of interfacial entanglements on
the polymer is (M + 1)). Using the conditional probability in Equation 3.29 this can
be expressed as:
M =
1
L
∫ L
0
ds
∫ L
0
ds′P (s′|s) (3.33)
This expression makes the approximation that the primitive path location probability
density for a single interfacial slip-link chosen at random is uniform along the polymer
primitive path. Performing the integration gives:
M =
8
3
√
6
pi
wI
a
√
L
a
=
8
3
√
6
pi
λI (3.34)
With this relation between λI and the number of other interfacial entanglements at
equilibrium M Equation 3.31 can be re-expressed as:
s˙(s) = V
(
2s
L
− 1
)
+MV
(( s
L
)3/2
−
(
1− s
L
)3/2)
(3.35)
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A plot of the path retraction velocity s˙ as a function of s for different values of M is
shown below:
M = 1
M = 5
M = 10
Figure 3.7: Relative primitive path retraction velocity s˙/V vs. interfacial slip-link primitive
path position s/L. The retraction velocity s˙ is in ratio to the interfacial slip velocity
V . Solutions are shown for cases where multiple interfacial entanglements per polymer
are present. Total interfacial entanglements per polymer Z = M + 1. More interfacial
entanglements on a polymer induces a larger retraction velocity. Solutions shown for M = 0,
M = 1, M = 5, and M = 10. Solutions take the interfacial slip velocity V to be positive.
The line corresponding to M = 0 (the single interfacial slip-link case) is strictly linear, while
the other lines corresponding to greater values of M have some curvature.
As can be seen in Figure 3.7 the presence of multiple interfacial entanglements
increases the primitive path retraction velocity through an interfacial slip-link, driving
the interfacial slip-links more quickly to the polymer ends. The effect of multiple
interfacial entanglements during slip on interfacial slip-link primitive path position is
consequently very similar to the effect of increased slip velocity V . The expression
for s˙ in Equation 3.35 can be used with Equation 3.20 to solve for the interfacial
slip-link primitive path position probability density for some fixed V . The resulting
probability density shows that the slip-links become located closer to the polymer
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ends for higher values of M , similar to the way slip-links are shown to be located
closer to the polymer ends at higher slip velocities in Figure 3.5.
Increased retraction due to the presence of multiple interfacial entanglements on
a given polymer is fundamentally different from increased retraction due to higher
slip velocity in that when interfacial slip-links are destroyed M is reduced, which
lessens the impact of multiple interfacial slip-links at slip velocities high enough to
begin interfacial disentanglement. For this reason, in the high slip velocity regime
V ∼ V ∗∗ it is expected that the single interfacial slip-link treatment will be valid
as interfacial polymers will have become disentangled or have only one surviving
interfacial entanglement.
An examination of the onset of interfacial disentanglement may be performed
using Equations 3.20 and 3.35 to solve for the fraction of interfacial entanglements
remaining ρ(V )/ρ0 in the same manner as in the single interfacial slip-link case. Such
a method is a low slip velocity approximation as Equation 3.35 is obtained using the
zero slip equilibrium return probability given in Equation 3.29. However, this method
is used to gain a sense of the interfacial disentanglement onset in the case of multiple
interfacial slip-links per interfacial polymer. Numerically solving for the fraction of
interfacial entanglements remaining as a function of slip velocity V for different values
of M yields the result shown in Figure 3.8.
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Figure 3.8: Fraction of interfacial entanglements remaining vs. slip velocity. Slip velocity in
units of the characteristic velocity of interfacial entanglement destruction V ∗∗ = kBT
L2ζ
for the
single interfacial slip-link per polymer case (Equation 3.24). Both axes are in logarithmic
scale. Solutions for different numbers of interfacial entanglements per polymer are shown.
More interfacial entanglements per polymer results in entanglement destruction at lower
slip velocity. There are M + 1 interfacial entanglements per polymer when in equilibrium
without slip. Numerical solutions shown for M = 0, M = 1, M = 2, M = 4, M = 8, and
M = 16.
It is found that higher M values cause interfacial entanglement destruction to
begin at lower slip velocities. Defining a characteristic destruction slip velocity V ∗∗M
as the slip velocity giving the same fraction of entanglements remaining as would
be present at slip velocity V ∗∗ in the single interfacial entanglement per polymer a
relationship is found:
V ∗∗M =
V ∗∗
M + 1
(3.36)
The velocity for the onset of significant interfacial disentanglement in the case of
multiple interfacial slip-links per polymer is thus reduced from the single slip-link
case by a factor of the total number of interfacial entanglements per polymer present
in equilibrium without slip. However, it should again be restated that as the polymer
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loses interfacial entanglements the retraction caused by those slipping entanglements
is lost, and in the high slip velocity limit the single interfacial entanglement per
entangled polymer regime is expected to be valid.
The presence of multiple interfacial entanglements on a single polymer during slip
causes a larger tension increase in the polymer. An upper bound on this tension
increase can be obtained. The greatest possible tension increase will occur if the
translating interfacial slip-links are located symmetrically along the polymer and
clustered near the polymer center (with non-interfacial slip-links between them). This
will cause the polymer ends to retract quickly toward the center at velocity V (M +1)
(if M is taken as even). If the interfacial slip-links are clustered tightly near the
polymer center this will cause the maximum tension increase as nearly all of the
polymer arc will be retracting at this velocity relative to the melt background. This
will cause the polymer tension increase ∆τ to be:
∆τ = ζ(M + 1)
L
2
V (3.37)
This upper bound estimate for the maximum polymer tension increase is large than
the single interfacial slip-link estimate in Equation 3.6 by a factor of (M + 1). This
means that the slip velocity at which the tension increase is expected to be com-
parable to the thermal tension is decreased by a factor of (M + 1). However, in
the presence of multiple interfacial slip-links per polymer the slip velocity at which
interfacial entanglement destruction begins to occur is also increased by a factor of
(M + 1). Consequently the tension increase at the entanglement destruction velocity
is still given by ∆τ(V ∗∗M ) ∼ kBT/L (as in Equation 3.7), and is much less than the
thermal tension 3kBT/a. As a result the drag induced tension increase is still ex-
pected to be much less than the thermal tension at slip velocities up to and exceeding
the disentanglement velocity. Because the interface will be nearly disentangled before
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the drag induced tension increase becomes comparable to the thermal tension, ten-
sion increase is not expected to contribute to interfacial stress even in the multiple
interfacial slip-link per polymer regime.
Having multiple interfacial slip-links per polymer is not expected to alter the
interfacial stress increase at low slip velocities (V < V ∗) where the stress increase
is due to polymer strand alignment. It is also not expected to affect the Rouse-like
rubbing stress. Drag induced tension increase is still expected to remain a negligible
contribution to interfacial stress in this case. The presence of multiple interfacial
slip-links per polymer is expected to decrease the slip velocity at which interfacial
entanglement begins by a factor of the number of interfacial slip-links per interfacially
entangled polymer (M + 1). However, as the interface becomes disentangled there
will be fewer interfacial slip-links per polymer, and in the high slip velocity limit (V >
V ∗∗) the fraction of entanglements remaining is expected to behave as in the single
interfacial slip-link per polymer treatment. The possibility of multiple interfacial slip-
links per polymer is governed by the dimensionless parameter λI = (wI/a)
√
L/a. As
λI becomes small, such as in the case of a very narrow interface, the system approaches
a limit with at most one interfacial entanglement per polymer.
3.4 Interfacial Stress
During the process of interfacial slip the two polymer melts exert forces on one an-
other across the melt interface through their mutual entanglement. Using the slip-link
model of interfacial entanglement, and the results from the analysis of slip-link popu-
lation dynamics during slip in section 3.3, the stress across the interface between the
melts can be determined. Throughout this section a narrow interface is assumed such
that each interfacial polymer has at most one interfacial entanglement as the treat-
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ment in section 3.3.1, though brief comments are made as to how multiple interfacial
entanglements per polymer would alter the interfacial stress behavior.
The stress across the interface induced by interfacial slip is the result of a com-
bination of processes. Part of the interfacial stress will be due to forces transmitted
by interfacial entanglements σeyx, while part of the interfacial stress will be due to
Rouse-like rubbing friction between the layers σRyx. The general expression for the
entanglement interfacial stress σeyx was given in Equation 3.4. The entanglement
interfacial stress is affected by changes in the alignments of the polymer strands at-
tached to interfacial entanglements, changes in the strand tension magnitudes, and
changes in the total number of interfacial entanglements. The Rouse-like rubbing
friction is expected to be linear with respect to slip velocity. An expression for the
average interfacial stress may be written using an approximation that treats the av-
erage degree of interfacial strand alignment as independent of the average strand
tension:
〈σyx(V )〉 = 2 ρ(V )〈ux〉〈τ〉+ αRV (3.38)
The first term in Equation 3.38 is the average stress transmitted by interfacial entan-
glements 〈σeyx〉, and the second term is the average stress resulting from Rouse-like
friction 〈σRyx〉. In the first term ρ(V ) is again the steady state number of interfacial
entanglements per area at slip velocity V , and 〈ux〉 signifies the average component of
an interfacial strand end-to-end unit vector in the direction of slip. 〈τ〉 is the average
tension per polymer strand. Both 〈ux〉 and 〈τ〉 are also functions of the slip velocity
V . Expressing the interfacial stress due to entanglement as a product of the average
strand alignment and the average strand tension ignores correlations between the two,
and also makes the approximation that all strands align independently and by the
same mechanism during slip. A factor of 2 is present in the first term in Equation
3.38 because each interfacial entanglement is connected to two polymer strands.
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3.4.1 Interfacial Strand Tension
The average interfacial strand tension 〈τ〉 may be evaluated using the steady state
slip-link probability distribution along the polymer path length. The strand tension
at a slip-link at polymer path position s and translating at slip velocity V can be
determined using Equations 3.17 and 3.19:
τ(V, s) = 2ζV s
(
1− s
L
)
+ τ0 (3.39)
〈τ〉 can then be found by integrating over the steady state slip-link probability dis-
tribution in s, which is equal to ρ˜(V, s)/ρ(V ).
〈τ〉 =
∫ L
0
τ(V, s)
ρ˜(V, s)
ρ(V )
ds (3.40)
Using Equations 3.39 and 3.40 the average interfacial strand tension can be rewritten
as:
〈τ〉 = 2ζV
∫ L
0
s
(
1− s
L
) ρ˜(V, s)
ρ(V )
ds+ τ0
∫ L
0
ρ˜(V, s)
ρ(V )
ds (3.41)
Performing these integrals and simplifying yields:
〈τ〉 = kBT
L
Ψ(V/V ∗∗)
Φ(V/V ∗∗)
+
3kBT
a
(3.42)
Ψ(V/V ∗∗) ≡ 2V
V ∗∗
∫ 1
0
γ(1− γ) exp
[
− V
V ∗∗
γ(1− γ)
]
dγ (3.43)
The left term in Equation 3.42 is due to drag-induced frictional tension, while the
term on the right is the equilibrium thermal tension τ0. Ψ is a dimensionless function
defined in Equation 3.43, while Φ is a dimensionless function equal to the fraction of
interfacial entanglements remaining ρ(V )/ρ0, given in Equation 3.26. Equation 3.42
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indicates that the average interfacial strand tension may be written as:
〈τ〉 = 〈τd〉+ τ0 〈τd〉 = kBT
L
Ψ(V/V ∗∗)
Φ(V/V ∗∗)
(3.44)
Here 〈τd〉 is the average interfacial strand tension due to viscous drag. In the expres-
sion for 〈τd〉 the ratio of dimensionless functions Ψ and Φ can be evaluated numerically
to show the behavior of the drag induced strand tension as a function slip velocity:
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Figure 3.9: 〈τd〉, the average interfacial polymer strand tension due to viscous drag,
vs. slip velocity V . Strand tension is in units of the characteristic force for drag
induced tension kBT/L. Slip velocity is in units of the characteristic velocity for
onset of slip-link destruction V ∗∗. V ∗∗ = kBT
L2ζ
.
From Figure 3.9 it can be seen that the average drag induced interfacial strand
tension 〈τd〉 is never more than approximately 1.2 kBT/L. With this information
it can be seen that for systems with the entanglement length much less than the
total polymer primitive path length a  L the average interfacial strand tension in
Equation 3.42 will be dominated by the equilibrium strand tension. In such a regime
the second term in Equation 3.42 will be much larger than the first, and the average
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interfacial strand tension will be well approximated by the thermal equilibrium strand
tension 〈τ〉 ≈ τ0 = 3kBT/a.
The interfacial strand tension is well approximated by τ0 for strongly entangled
polymers (a  L), and this allows us to rewrite the average stress transmitted by
interfacial entanglements σeyx as:
〈σeyx〉 ≈ 2ρ(V )〈ux〉τ0 (3.45)
Equation 3.45 indicates that the stress due to entanglement at a slipping interface
between polymer melts of high entanglement is governed by the alignment of the
interfacial polymer strands 〈ux〉, and the number of interfacial entanglements per
area of the interface ρ(V ). The average slip direction alignment of polymer strands
connected to an interfacial entanglement 〈ux〉 is a function of slip velocity; at zero
slip velocity the strand orientation vectors will be isotropically distributed in the
directions parallel to the interface, and this average will vanish. The value of 〈ux〉
will increase with increasing slip velocity as the strands become aligned more quickly
compared to the time it takes for them to directionally relax. Equation 3.45 predicts
that stress transmitted by interfacial entanglements will result as a competition of the
slip direction alignment of polymer strands with approximately thermal equilibrium
tension, and the destruction of interfacial entanglements through polymer retraction.
For polymer melts with less pronounced entanglement the full tension expression in
Equation 3.42 could be used to calculate the interfacial entanglement stress, resulting
in: 〈
σeyx(V )
〉
= 2ρ0〈ux〉{kBT
L
Ψ(V/V ∗∗) +
3kBT
a
Φ (V/V ∗∗)} (3.46)
As can be seen, the stress expression in Equation 3.46 contains two terms, one of
order kBT/L corresponding to the interfacial stress associated with drag induced
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strand tension increase, and one of order kBT/a associated with the strand thermal
equilibrium tension. Each term is multiplied by a previously defined dimensionless
function (Ψ and Φ, defined in Equations 3.43 and 3.26). Ψ is at most approximately
1.2 Φ at any slip velocity. Φ is a measure of the fraction of equilibrium entanglements
remaining and is equal to 1 at zero slip velocity, after which it decreases monotonically
with increasing slip velocity. For strongly entangled polymers with a L the thermal
tension term will dominate and Equation 3.46 will become equivalent to Equation
3.45. However, Equation 3.46 could be used to calculate slip induced interfacial
stress including the small contributions due to tension change, though to be valid the
polymers should be sufficiently entangled that reptation is the dominant relaxation
mechanism.
If multiple interfacial entanglements per polymer were present the analysis of
strand tension and interfacial stress would proceed in approximately the same way
with the primary difference being that the characteristic slip velocity of polymer re-
traction induced entanglement destruction would instead be V ∗∗M = V
∗∗/(M+1), with
M + 1 being the total number of interfacial entanglements per polymer present at
equilibrium without slip. Consequently, in such a case significant interfacial polymer
retraction and entanglement destruction would begin at a lower slip velocity. This
would tend to more strongly push slip-links toward polymer ends, more quickly re-
ducing the interfacial strand tension and the number of interfacial entanglements,
which would tend to decrease interfacial stress. However, as interfacial slip-links were
destroyed the extra retraction induced by multiple interfacial slip-links per polymer
would lessen. Consequently, though ρ(V )/ρ0 would be expected to begin to decrease
at a lower slip velocity, the high slip velocity (V > V ∗∗) behavior would be expected
to be similar to the single slip-link per polymer case.
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3.4.2 Interfacial Strand Alignment
During interfacial slip polymer strands entangled with the opposite melt will continu-
ally align in the direction of slip. This alignment causes the polymer tension forces in
the boundary region to be anisotropically oriented, which results in increased stress
at the polymer-polymer boundary. The analysis finds that the degree of interfacial
strand alignment is governed by the characteristic interfacial slip velocity V ∗ = a/trep;
when the interfacial slip velocity is greater that V ∗ the interfacial strands are nearly
aligned in the direction of slip, and further interfacial stress increase due to strand
alignment is not possible. An analysis of the interfacial stress due to strand alignment
is presented below.
In the previous section an expression for the interfacial stress as a function of slip
velocity for highly entangled polymer melts was obtained (Equation 3.45). For slip
velocities much lower than the characteristic velocity of entanglement destruction V ∗∗
the number of interfacial entanglements is unchanged from the zero slip equilibrium
value. Consequently in the regime V  V ∗∗ the interfacial stress is well approximated
by:
〈σyx〉 ≈ 2ρ0 3kBT
a
〈ux〉+ αRV (3.47)
For a polymer strand attached to an interfacial entanglement slipping at constant
velocity V the strand end-to-end unit vector component in the slip direction is given
by:
ux =
~Q · xˆ
| ~Q| ux =
Qx0 + ∆tV√
~Q20 + 2∆tV Qx0 + (∆tV )
2
(3.48)
Here ∆t is the time that has elapsed since slip began deforming the polymer strand
from its initial state; if slip is ongoing ∆t will be the time elapsed since the interfacial
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entanglement formed. ~Q0 is the strand end-to-end vector at the time of interfacial
entanglement creation.
In order to find the average interfacial strand alignment 〈ux〉 as a function of slip
velocity, the expression for ux in Equation 3.48 must be averaged over the values of the
initial strand end-to-end vector ~Q0, and over time using the probability that a strand
which is created at time t′ will survive until time t. Let P ( ~Q0) be the distribution of
interfacial strand end-to-end vectors at the time of interfacial entanglement formation,
and let µ(t − t′)dt′ be the probability that an interfacial entanglement formed in an
infinitesimal time region near t′ will survive until time t. The expression for the
average degree of interfacial strand alignment may be written as:
〈ux(V )〉 =
∫
t
−∞
dt′µ(t− t′)
∫
d~Q0P ( ~Q0)
Qx0 + (t− t′)V√
~Q20 + 2(t− t′)V Qx0 + ((t− t′)V )2
(3.49)
In the case of a strongly segregated interface P ( ~Q0) may be analytically deter-
mined. If the strand is modeled as a flexible random walk P ( ~Q0) will be Gaussian
in the directions parallel to the planar interface. If the interface is highly segregated
(due to a large χ interaction parameter) self-consistent field theory indicates that in
the direction perpendicular to the interface the interface will behave as a reflecting
boundary [158,159]. For a strongly segregated interface interfacial entanglements will
be located very close to the interfacial boundary and P ( ~Q0) can be approximated as
a “reflected” Gaussian distribution:
P ( ~Q0) = 2
(
3
2pia2
)3/2
exp
(
−3
~Q20
2a2
)
Θ(−Qy0) (3.50)
Θ(y) is the Heaviside step function, and its use here expresses the strongly segre-
gated reflecting boundary condition that prevents interfacial strands from crossing
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the interfacial boundary.
For slip velocities much lower than V ∗∗ slip-induced retractive motion will be small
and interfacial entanglement creation and destruction will be controlled by reptative
diffusion of the polymer. In this limit the probability that an interfacial entanglement
created at time t′ will survive until time t can be determined using the Doi-Edwards
reptation model ( [36], Appendix A), where the interfacial entanglement survival is
equated with the survival of an infinitesimal section of the constraining polymer tube.
Using the Doi-Edwards reptation model ( Appendix A) the interfacial entanglement
survival probability µ(t− t′)dt′ is given by:
µ(t− t′)dt′ =
∑
p;odd
8
pi2trep
exp
(−p2(t− t′)2/trep) dt′ (3.51)
The analytic expressions for P ( ~Q0) and µ(t − t′)dt′ in Equations 3.51 and 3.50
make it possible to numerically evaluate the expression for average interfacial strand
alignment 〈ux〉 in Equation 3.49. From the approximations used in obtaining these
analytic expressions, the result for 〈ux〉 will be most accurate for strongly segregated
interfaces and slip velocities V  V ∗∗. The solution for the degree of alignment is
found to have the characteristic slip velocity:
V ∗ =
akBT
L3ζ
=
a
L
V ∗∗ (3.52)
The numerical solution for 〈ux〉 is shown below:
62
CHAPTER 3. ANALYTIC MODEL
0.01 0.1 1 10 100 1000
0.01
0.02
0.05
0.10
0.20
0.50
1.00
V V *
Xux\
Figure 3.10: Average slip direction interfacial strand alignment vs. slip velocity. Slip
velocity in units of the characteristic alignment velocity V ∗ = akBT/(L3ζ). Both axes are
in logarithmic scale.
For systems with V ∗  V ∗∗ the total number of interfacial entanglements at slip
velocities on the order of V ∗ will be unchanged from the zero slip equilibrium value.
If the interfacial stress due to Rouse-like friction is much less than the stress due to
strand alignment at slip velocity V ∗ (as is expected from the arguments in section
3.2.1) the interfacial stress in the regime V ≤ V ∗ will be well approximated by:
〈σyx〉 ≈ 6ρ0 kBT
a
〈ux〉 (3.53)
In this situation the interfacial stress in the regime V ≤ V ∗ will change only with
the degree of strand alignment and will depend on the interfacial slip velocity in the
manner shown in the first part of Figure 3.10. It can be seen that the interfacial stress
due to strand alignment has the characteristic scale σ∗yx = 6ρ0kBT/a as previously
given in Equation 3.10. In the lowest slip velocity limit (V  V ∗) the average strand
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alignment is given by:
〈ux〉 = 3
4
(
V
V ∗
)
(3.54)
Consequently, in the low slip velocity asymptotic limit (V  V ∗) the interfacial
stress is expected to behave as:
〈σyx〉 = 9
2
ρ0
kBT
a
(
V
V ∗
)
(3.55)
The analysis of interfacial strand alignment is not much affected by the possi-
bility of multiple interfacial slip-links per polymer so long the characteristic velocity
of strand alignment V ∗ remains much smaller than the characteristic velocity of in-
terfacial disentanglement. The presence of multiple interfacial slip-links per polymer
increases polymer retraction and reduces the characteristic velocity of disentangle-
ment by a factor of the number of interfacial slip-links V ∗∗M = V
∗∗/(M + 1). So long
as V ∗  V ∗∗M the presence of multiple interfacial entanglements per polymer would
not alter the alignment analysis.
3.4.3 Rouse-like Stress
An expression of the stress caused by Rouse-like friction at the polymer-polymer
interface can be obtained if the interface is considered to have structure as described
by polymer self-consistent field theory. To begin, consider the Rouse-like friction on
a translating monomer.
If the friction coefficient for interactions between the polymer species is the same
as the friction coefficient for polymer self interactions, the frictional force fA acting on
one monomer of species A surrounding by species B monomers translating at velocity
V is given by:
fA = ξV (3.56)
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The polymer melts are considered to be incompressible such that the total monomer
density is ρM (monomers per volume, including polymers monomers of both species).
The monomer volume fractions φA(~r) and φB(~r), are defined as the ratios of the local
A and B monomer densities to the total monomer density. The volume fractions thus
obey the relation φA(~r)+φB(~r) = 1. If a species A monomer is only partly surrounded
by translating species B monomers the fraction of surrounding monomers that are
species B will simply be φB(~r). Considering a perfect slip situation the frictional force
on such a monomer is approximated as:
fA(~r) = φB(~r)ξV (3.57)
The probability that a species A monomer will be located in a small volume dV about
position ~r will be:
PA(~r)dV = ρMφA(~r)dVNA (3.58)
Here NA is the total number of species A monomers. If the polymer species are
strongly immiscible the density of species A monomers near the interface is approx-
imated by the theory of Helfand and Tagami [51, 52] as φA = α
2/(1 + α2), with
α ≡ exp (y/w), w the interfacial width, and y the position perpendicular to the pla-
nar interface. The interfacial width is w = b/
√
6χ, with χ being the inter-species
interaction parameter. Helfand and Tagami derive this approximate expression for
the interfacial volume fraction profile assuming a strongly immiscible interface [51,52],
and it is used below to make integration over the interfacial region possible. In this
description the density profiles for the two species are only functions of the distance
perpendicular to the interface y.
The average Rouse-like frictional force experienced by a single species A monomer
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is then given by:
〈fA〉 =
∫
ξV
ρM
NAφA(y)φB(y)dV = ξV
ρMAy
NA
∫
φA(y) (1− φA(y)) dy (3.59)
The average total frictional force experienced by all species A monomers will simply
be NA〈fA〉, and the average Rouse-like stress will just be this force divided by the
interfacial area Ay. Thus the average Rouse-like stress is given by:
〈σRyx〉 = ρMξV
∫
φA(y) (1− φA(y)) dy (3.60)
Performing this integration and assuming the thickness of the two melts is much
larger than the interfacial width results in:
〈σRyx〉 =
ρMw
2
ξV (3.61)
Expressing the total monomer density as the inverse monomer volume ρM = 1/ν the
stress can be further expressed:
〈σRyx〉 =
w
2ν
ξV =
b
2ν
√
6χ
ξV (3.62)
These expressions predict the interfacial Rouse-like stress in terms of physical
quantities. In a similar manner an expression for the average number of interfacial
entanglements per area at equilibrium ρ0 may be obtained. Taking N
−1
e as the prob-
ability per monomer of forming an entanglement, and assuming the probabilities for
the species identity of each entanglement are given by the local species density frac-
tion, the probability that a species A monomer has become entangled with a species
B chain is given by:
PAB(~r) =
φB(~r)
Ne
(3.63)
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The average number of species B entanglements for any single species A monomer is
then given by:
〈PAB〉 =
∫
ρM
NAφA(y)φB(y)
1
Ne
dV (3.64)
The average number of interfacial (inter-species) entanglements per area is then ρ0 =
(NA/Ay)〈PAB〉. Solving for this quantity in exact analogy to the method used in
finding the Rouse-like stress the result is:
ρ0 =
1
Ne
w
2ν
=
(
b
a
)2
w
2ν
(3.65)
Using these results the slip velocity VR at which the Rouse-like stress will be equal
to the characteristic alignment stress σR ≈ σ∗yx (Equation 3.10) may be obtained:
VR =
6
ξ
(
b
a
)2
kBT
a
(3.66)
This may be compared to the characteristic slip velocity of interfacial entanglement
destruction V ∗∗ (Equation 3.24):
VR = 6
(
L
a
)2
V ∗∗ (3.67)
Consequently, for strongly confined polymers (a  L) the Rouse-like stress only
becomes equal to the characteristic entanglement stress at high slip velocities (V 
V ∗∗) at which the interface has become disentangled.
3.4.4 Asymptotic Stress Solutions
If a system has the average spatial distance between entanglements a much less than
the total polymer primitive path length L the characteristic slip velocities V ∗ and
V ∗∗ = (L/a)V ∗ will be widely separated. In such a case the interfacial stress /
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slip velocity relationship can be largely constructed using the asymptotic solutions
from the previous sections. For slip velocities up to the characteristic velocity of
interfacial strand alignment V ≤ V ∗ the interfacial stress will be given by Equation
3.47, and the numerical solution for strand alignment 〈ux〉 shown in Figure 3.10 may
be used. In this slip velocity regime the number of entanglements is unchanged from
the equilibrium value, and stress increase is due to interfacial strand alignment.
For slip velocities on the order of the characteristic velocity of interfacial entan-
glement destruction V ∗∗ the interfacial stress will be given by Equation 3.45. In
this regime the interfacial polymer strands are nearly aligned in the slip direction,
and further stress changes are due to slip induced entanglement destruction. At slip
velocities between V ∗ and V ∗∗ an approximate stress plateau exists where the inter-
facial strands are nearly aligned in the slip direction, but slip induced entanglement
destruction has not significantly altered the number of interfacial entanglements.
If multiple slip-links per interfacial polymer are present polymer retraction is
increased and the slip velocity of interfacial disentanglement is decreased; V ∗∗M =
V ∗∗/(M + 1), with M + 1 being the total number of interfacial entanglements per
interfacial polymer. Such a situation would decrease the separation of strand align-
ment and interfacial disentanglement velocities, and would decrease the width of the
stress plateau. The probability of multiple interfacial entanglements per polymer is
governed by the dimensionless constant λI = (wI/a)
√
L/a, where wI is the interfacial
width. For a very narrow interface (strongly repulsive melts with high χ parameter)
with λI  1 each interfacial polymer will tend to have at most one interfacial slip-link.
The Rouse-like friction contribution to interfacial stress is expected to be present
at all slip velocities but to only become comparable to the characteristic entanglement
stress σ∗yx at slip velocity VR = 6(L/a)
2V ∗∗. For this reason the model shows an
interfacial stress decrease in the regime V ∗∗ < V < VR, due to interfacial entanglement
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loss occurring before the Rouse-like stress becomes dominant.
Below is a plot of the interfacial stress as a function of slip velocity as predicted
by this model for a system with L = 100a and a narrow interfacial width (the single
slip-link per interfacial polymer regime).
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Figure 3.11: Interfacial stress vs. slip velocity asymptotic solutions. The solid lines are
asymptotic solutions, the dotted line is an interpolation. Stress is in units of the character-
istic stress σ∗yx = 6ρ0kBT/a. Slip velocity is in units of the characteristic velocity for onset
of slip-link destruction V ∗∗ = kBT
L2ζ
. The plot is for a system with L = 100a. This gives
V ∗ = V ∗∗/100 and VR = 60000V ∗∗. The solutions use the single interfacial slip-link per
interfacial polymer approximation. Both axes are in logarithmic scale.
In Figure 3.11 the dotted line is an interpolation between the asymptotic solu-
tions. The low slip velocity asymptotic solution assumes unperturbed reptative chain
relaxation, and in this regime stress increase is dominated by strand alignment. The
high slip velocity asymptotic solution assumes strands are nearly aligned in the di-
rection of slip, and that slip-induced retraction is the dominant mechanism of motion
for interfacially entangled polymers.
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3.5 Conclusions
The model of stress induced polymer-polymer interfacial slip here presented uses
a slip-link description of interfacial entanglement, and considers a sharply defined
polymer-polymer interface experiencing perfect slip. The model predicts that inter-
facial stress during slip will result as a competition of the slip direction alignment of
polymer strands with approximately thermal equilibrium tension, and the destruction
of interfacial entanglements through retractive polymer motion. Additionally, Rouse-
like rubbing friction in the interfacial region contributes to the interfacial stress in an
amount proportional to the slip velocity.
At slip velocities greater than V ∗ ∼ a/trep polymer strands connected to an in-
terfacial entanglement will be primarily aligned in the direction of slip. At slip ve-
locities greater than V ∗∗ ∼ L/trep the number of interfacial entanglements becomes
significantly depleted due to slip-induced retractive polymer motion. If the polymers
are strongly confined by topological interactions with their neighbors (highly entan-
gled, a  L) the characteristic slip velocities V ∗ and V ∗∗ will be widely separated
(V ∗  V ∗∗). In such a situation an interfacial stress plateau is expected in the slip
velocity region V ∗ < V < V ∗∗. At these slip velocities interfacial strands will be pri-
marily aligned in the slip direction, but the number of interfacial entanglements will
not be changed from the zero slip equilibrium value. The model predicts the value of
the plateau stress will be σ∗yx ∼ 6ρ0kBT/a. This plateau stress corresponds to a zero
slip equilibrium number of interfacial entanglements per area ρ0, each connected to
two polymer strands with equilibrium tension τ0 = 3kBT/a fully aligned in the slip
direction. If the polymers are strongly confined interfacial slip does not significantly
change the polymer tensions from the equilibrium tension value. If M + 1 interfacial
entanglements per interfacially entangled polymer are present when in equilibrium
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without slip the entanglement depletion slip velocity is expected to be reduced by
a factor of M + 1; that is, V ∗∗M = V
∗∗/(M + 1). The probability of having multi-
ple interfacial entanglements per polymer is governed by the dimensionless quantity
λI = (wI/a)
√
L/a, where wI is the interfacial width. In the regime λI  1 (the
strongly segregated narrow interface regime) interfacial polymers will tend to have at
most one interfacial entanglement.
In the case of strong polymer confinement (a L) interfacial stress at slip veloci-
ties V < V ∗ will be due to the slip direction alignment of polymer strands possessing
equilibrium tension. For slip velocities in the region V ∗ < V < V ∗∗ a stress plateau
is present because interfacial polymer strands are nearly aligned in the slip direction
(thus no further stress increase due to alignment is possible), and the number of
interfacial entanglements remains unchanged from the equilibrium value. At larger
slip velocities, V > V ∗∗, the model predicts a stress decrease (relative to the plateau
stress) due to significant destruction of interfacial entanglements through slip-induced
polymer retraction.
A contribution to interfacial stress due to Rouse-like rubbing friction is always
present, and this contribution increases linearly with the slip velocity. However, it
is found that the stress due to Rouse-like friction only becomes comparable to the
plateau stress due to strand alignment at a slip velocity VR ∼ (L/a)2V ∗∗. Conse-
quently the Rouse-like stress is not expected to become dominant until nearly all
interfacial entanglements have been destroyed, and the interface is no longer entan-
gled.
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Chapter 4
Simulation of Entangled Polymers
Via the Slip-link Model
A computer simulation of entangled polymers was constructed in order to further
examine the phenomenon of stress induced polymer-polymer interfacial slip, and to
check the predictions made by the analytic theory developed in Chapter 3. In this
chapter an overview of the basic structure of the simulation is given, and the “slip-
link” model of polymer entanglement is explained. The slip-link simulation is based on
a model developed by Schieber et al. [145–157], which is implemented via a dynamic
Monte Carlo algorithm. The discussion in this chapter focuses on the fundamental
model and algorithm used to simulate entangled polymers. In subsequent chapters a
generalization of the model which makes possible the simulation of polymer-polymer
interfaces is explained.
4.1 Fundamental Simulation Description
A dynamic Monte Carlo polymer simulation was constructed in order to study polymer-
polymer interfacial slip. The basic simulation model employed for bulk polymer melts
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is taken from the work of Schieber et al. [145–157]. The model treats a polymer as a
Gaussian filament, and treats entanglements between polymers as ring-like constraints
called “slip-links”, through which a polymer is able to diffuse. The total number of
slip-links on a polymer is allowed to vary, and slip-links are created and destroyed at
polymer ends according to rates satisfying a detailed balance condition. The simula-
tion uses a Monte Carlo algorithm in which the Monte Carlo moves are designed to
reproduce physically realistic dynamics. The specific axioms and assumptions of the
model are outlined in detail below.
In the simulation a polymer is modeled as a Gaussian filament; by this it is
meant that a polymer is treated as a non-self-interacting continuous thread capable
of stretching according to a spring-like force law linear in the end-to-end distance.
The spring like force law used gives the stretching force at the end of one polymer
section as:
~f =
3kBT
Nsb2
~Qs (4.1)
Here kB is Boltzmann’s constant, T is the absolute temperature, and ~Qs is the polymer
section end-to-end vector. b is a length parameter known as the statistical segment
length, and Ns is a dimensionless measure of the polymer section contour length. Ns
is referred to as the arc length or contour length of the polymer. The total polymer is
considered to have contour length N and end-to-end vector ~Q. The force expression
in Equation 4.1 may be easily integrated to give the polymer section stretching energy
E = (3kBT/2Nsb
2) ~Q2s (this may be interpreted as a free energy if the stretching force
is thought of as having a partly entropic origin). When the polymer is present in
a thermal bath at temperature T this makes the polymer section end-to-end length
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probability density G0( ~Qs;Ns) a Gaussian function:
G0( ~Qs;Ns) =
(
3
2piNsb2
)3/2
exp
[
− 3
~Q2s
2Nsb2
]
(4.2)
The distribution in Equation 4.2 results in the polymer section root-mean-square end-
to-end vector value being
√
〈 ~Q2s〉 =
√
Nsb. The end-to-end vector probability density
and root-mean-square value are thus the same as a long random walk of Ns straight
steps, each step having length b (valid mapping to a random walk requires Ns  1).
For this reason Ns is sometimes referred to as the number of statistical segment
lengths present in the polymer section contour. However, it should be emphasized
that the Gaussian filament is not in any way discrete. Additionally, the specification
of a Gaussian filament using Ns and b is not unique, and rescaling these parameters
by a constant C according to Ns → Ns/C and b →
√
C b gives the same polymer
section statistics and behavior. Because a Gaussian filament is by nature capable of
stretching, this polymer model does include contour length fluctuations. A Gaussian
filament is a physically realistic model for polymers in a melt of the same polymer
species in that sufficiently long polymer sections (long enough to be flexible) show
Gaussian end-to-end distance correlations.
In the simulation entanglements between polymers are represented as “slip-links”.
In this model a slip-link is a ring-like constraint fixed in space through which a polymer
is able to slide. A polymer possessing a slip-link is constrained to pass through the
slip-link, but the slip-link does not constrain the polymer direction (tangent vector).
In this model slip-links are created and destroyed only in regions near the polymer
ends when the chain forms or releases entanglements during motion (this model does
not consider constraint release [42,43]).
This simulation treats a polymer as a Gaussian filament, and entanglements as
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slip-links. Slip-links represent topological entanglements between polymers, though
in simulation the polymers are treated as being independent. The slip-link model thus
provides a way to simulate entangled polymers without directly simulating compli-
cated inter-polymer interactions. In order to speed computation only slip-link space
and arc positions are resolved, and the influence of the polymer between slip-links
is treated using a mean field (average influence) approximation. In other words, a
polymer configuration is fully specified by the slip-link space and arc positions, and
sections of a polymer between slip-links are considered to equilibrate instantly. This
model is coarse grained in both space and time: intra-slip-link configuration informa-
tion is treated only through the mean field influence, and dynamics on time scales on
the order of the intra-slip-link equilibration time or shorter are not resolved.
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Q1
Q2 Q3
Q4
Figure 4.1: An illustration of the model used to simulate entangled polymers. Here a
polymer is shown passing through ring-like slip-links, which represent entanglements with
other polymers. Slip-links are fixed in space, but the polymer can slide through them.
Slip-links are created and destroyed near the polymer ends. A basic polymer configuration
is denoted by the number of slip-links Z, the set of strand end-to-end vectors connecting
slip-links { ~Qi} (these are shown in the diagram), and the set of strand arc-lengths {Ni} (the
strand arc-lengths must sum to the total polymer arc-length N , and a strand cannot have
negative arc-length). Slip-links are labeled from 1 to Z beginning near a polymer end. The
vector ~Qi points from the i slip-link to the i+ 1 slip-link, and the polymer strand between
these two slip-links has arc-length Ni. The two “dangling end” strands have arc lengths N0
and NZ respectively.
Taking Z to be the total number of slip-links present on a polymer, the slip-links
divide the polymer arc-length into Z + 1 strands. Two of these strands are end-
strands, leaving Z − 1 interior strands. In this model the configuration of a single
polymer with contour length N is fully specified by the number of slip-links Z, the set
of polymer strand arc-lengths {Ni}, and the set of interior strand end-to-end vectors
{ ~Qi}; an additional overall position vector is needed for full configuration specification
in the presence of interacting polymers or an anisotropic field. In the slip-link labeling
convention slip-links along the polymer contour are numbered sequentially beginning
with 1, and strands along the polymer contour are number sequentially in the same
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direction as the slip-links but beginning with 0. The polymer strand end-to-end
vectors are given the same label as the polymer strands; ~Qi connects the slip-links
labeled i and i+1. In this convention the polymer strand labeled i has contour length
Ni and end-to-end vector ~Qi, and is flanked by the slip-links labeled i and i+1. The set
of polymer strand arc lengths are subject to the requirements Ni ≥ 0 and
∑
iNi = N
(no strand can have negative arc-length, and the strand arc-lengths must sum to
the total polymer length). Because slip-links are central to the description of this
polymer model (unentangled sections between slip-links are considered to equilibrate
instantly) each simulated polymer is required to have at least one slip-link, and so Z
is constrained to be a positive integer (Z > 0).
A physically motivated equilibrium configuration probability distribution for the
model must be specified. In the model the choice is made to specify the equilibrium
configuration probability distribution following the model of Schieber et al. [145–157].
The total probability of a configuration having Z slip-links in equilibrium is taken as
proportional to β−Z , where β is a user specified parameter (β is later shown to have
a close relation to the average arc-length between slip-links). In equilibrium every
possible strand arc-length configuration for a given number of slip-links is taken to
be equally probable: in equilibrium the slip-links are evenly randomly distributed
along the polymer backbone. Finally, consistent with the Gaussian strand model, for
any strand of a specified arc-length the end-to-end vector probability density is taken
to be Gaussian. Altogether these modeling choices are sufficient to define the total
configuration probability density:
P (Z, {Ni}, { ~Qi}) = J
βZ
Z−1∏
i=1
G0( ~Qi;Ni) (4.3)
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P (Z, {Ni}, { ~Qi}) = J
βZ
Z−1∏
i=1
(
3
2piNib2
)3/2
exp
[
− 3
~Q2i
2Nib2
]
(4.4)
G0 is the Gaussian vector distribution as given in Equation 4.2. β
−1 acts as the
activity for slip-links in the grand canonical ensemble of slip-links present on the
simulated polymer (constrained to Z ≥ 1); β can be expressed in terms of a slip-link
“chemical potential” µZ with β
−1 = exp[µZ/kBT ]. J is a normalization constant.
Requiring that the total probability be one after integrating over all { ~Qi}, all allowed
{Ni} (subject to the requirement
∑
iNi = N , with each Ni ≥ 0), and summing over
all Z (from Z = 1 to ∞), the value of J is found to be:
J =
(
exp
[
N
β
]
− 1
)−1
(4.5)
In the long polymer case such that N  β this rapidly approaches J = e−N/β.
Equation 4.4 is the polymer equilibrium configuration probability density cho-
sen for this model, and the probability of finding a polymer in an infinitesimal re-
gion in configuration space near some configuration specified by Z, {Ni}, { ~Qi} is
equal to P (Z, {Ni}, { ~Qi})d{Ni}d{ ~Qi}. Here d{Ni} ≡ dN1dN2...dNZ+1 and d{ ~Qi} ≡
d~Q1d~Q2...d ~QZ−1, with d~Q ≡ dQxdQydQz.
For notational convenience throughout the rest of this work a particular polymer
configuration shall be denoted by Ωj such that Ωj is the set of all the quantities
defining that configuration:
Ωj ≡ {Z, {Ni}, { ~Qi}}j (4.6)
In this notation P (Ωj) is just the particular value of the probability density (Equation
4.4) associated with configuration Ωj. Similarly dΩj ≡ d{Ni}jd{ ~Qi}j. Altogether
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this makes the probability that a polymer will be found in configuration Ωj equal to
P (Ωj)dΩj.
4.1.1 Model Equilibrium Distributions
The full equilibrium configuration distribution P (Z, {Ni}, { ~Qi}) given in Equation 4.4
can be used to derive the equilibrium distributions of some other physical quantities.
As before stated, the configuration probability density is chosen such that all possible
strand arc-length configurations {Ni} are equally probable, and the slip-links are
evenly randomly distributed along the polymer contour. This can be seen from the
form of Equation 4.4; integrating the configuration probability density over all end-
to-end vectors { ~Qi} gives a probability density P (Z, {Ni}) that is independent of the
strand arc-length configuration {Ni}:
P (Z, {Ni}) =
∫
d{ ~Qi}P (Z, {Ni}, { ~Qi}) =
(
eN/β − 1)−1 β−Z (4.7)
Equation 4.7 does not depend on the strand arc-lengths Ni, and this indicates that
each arc-length configuration {Ni} is equally probable in the ensemble of configura-
tions averaged over all strand end-to-end vectors ~Qi. Consequently the slip-links are
evenly randomly distributed along the polymer arc-length in this ensemble.
The expected distribution for the number of slip-links Z on a simulated polymer
may be obtained by integrating Equation 4.7 over all possible strand arc-lengths,
subject to the constraints
∑
iNi = N , and Ni ≥ 0, giving the result:
P (Z) = (eN/β − 1)−1 N
Z
βZZ!
(4.8)
Equation 4.8 indicates that equilibrium number of slip-links Z on a simulated polymer
in this model follows a Poisson distribution confined to the range Z ≥ 1.
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The average number of slip-links on a single polymer in equilibrium may be ob-
tained using the distribution in Equation 4.8:
〈Z〉 =
∞∑
Z=1
ZP (Z) =
(
eN/β
eN/β − 1
)
N
β
(4.9)
For N > β this rapidly approaches 〈Z〉 ≈ N/β.
Similarly, it is possible to derive the probability distribution for the arc-length in
a single strand. Integrating P (Z, {Ni}) from Equation 4.7 over all possible strand
arc-lengths less one gives the result:
P (Z,Ns) =
(
eN/β − 1)−1 β−Z (N −Ns)Z−1
(Z − 1)! (4.10)
Here Ns is the arc-length of the single-strand excluded from the arc-length integration,
and the result is the same regardless of the position of this strand relative to other
polymer strands. The distribution in Equation 4.10 is subject to the constraints
0 ≤ Ns ≤ N and Z > 0.
The probability distribution for the arc-length of a single strand may be ob-
tained by summing P (Z,Ns) over all possible slip-link numbers Z. That is, P (Ns) =∑∞
Z=1 P (Z,Ns). As can be seen from the form of Equation 4.10, this sum is identically
equal to an exponential function, such that P (Ns) is given by:
P (Ns) =
(
eN/β
eN/β − 1
)
β−1 exp
[
−Ns
β
]
(4.11)
Equation 4.11 indicates that the equilibrium strand arc-length probability distribution
is expected to be a decaying exponential with characteristic decay arc-length β. The
arc-length of a polymer strand between slip-links is constrained to be non-negative,
and not larger than the total polymer arc-length (0 ≤ Ns ≤ N).
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The average arc-length of a polymer strand may be obtained using the arc-length
distribution in Equation 4.11:
〈Ns〉 =
∫
dNsNsP (Ns) =
(
eN/β
eN/β − 1
)(
β − e−N/β(N + β)) (4.12)
For N > β this rapidly approaches 〈Ns〉 ≈ β.
It can be seen from the average strand arc-length expression in Equation 4.12, and
the average slip-link number expression in Equation 4.9, that the parameter β serves
as a measure of the equilibrium average arc-length between slip-link entanglements.
For simulated polymers with N/β > 7 the value of β will be equal to the average
equilibrium strand arc-length to within less than one percent.
4.2 Monte Carlo Implementation
The simulation uses two fundamental Monte Carlo moves: an arc-length shuﬄe move,
and a slip-link create/destroy move. Each Monte Carlo move is composed of two parts,
a probabilistic move proposal, and a probabilistic move acceptance determination.
The move proposal and acceptance probabilities are chosen so that the model exhibits
realistic physical dynamics, and so that detailed balance in the equilibrium state is
satisfied such that the equilibrium polymer configuration probability density is given
by Equation 4.4.
The simulation consists of the repeated application of Monte Carlo moves to poly-
mer configurations. As the simulation progresses the identity of the next Monte Carlo
move to be performed, either an arc-length shuﬄe move or a slip-link create/destroy
move, is decided probabilistically using a user defined probability ratio for these two
move types. Detailed balance is satisfied regardless of the ratio of these two move
types (though a finite probability for both moves types is necessary). In simula-
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tion the choice is made to perform enough slip-link create/destroy moves relative to
the number of shuﬄe moves that the end regions of the strands in which slip-link
creation/destruction is allowed are in effect always in a state of equilibrium (end
slip-links are then being relatively rapidly created and destroyed in these regions).
In the systems studied it has been found that when approximately 5% or more of
the attempted total performed Monte Carlo moves are slip-link create/destroy moves
this condition of end-strand create/destroy equilibrium is obtained. If this type of
end-strand equilibrium is obtained the simulation dynamics are insensitive to further
increases in relative number of create/destroy moves (a higher relative number of
create/destroy moves then only makes the simulation less computationally efficient).
A polymer is not allowed to have less than one slip-link as the model treats
unentangled polymer sections as equilibrating instantly, and thus the coarse graining
approximations of this model make it inapplicable to unentangled polymers.
4.2.1 Monte Carlo Move: Arc-length Shuﬄe Move
An arc-length shuﬄe move moves arc-length from one polymer strand to another
across a slip-link. The proposed amount of arc-length to shuﬄe ∆N is generated from
a probability distribution chosen to represent thermal Brownian motion diffusion of
polymer contour across a slip-link. The probability density for the proposed amount
of arc to shuﬄe in one shuﬄe move is:
P (∆N) =
(
ζs
4piZ∆tkBT
)1/2
exp
[
− ζs∆N
2
4Z∆tkBT
]
(4.13)
∆t is the timestep associated with one shuﬄe move; time advancement is associated
exclusively with shuﬄe moves in the simulation, and each shuﬄe move advances the
time by ∆t. ζs is a friction coefficient associated with arc motion across a slip-link.
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Ωj Ωk
ΔN
Figure 4.2: An illustration of an arc-length shuﬄe Monte Carlo move.
In one shuﬄe move a single slip-link is chosen at random from amongst all Z
existing slip-links to have arc length shuﬄed across it; the probability that a particular
slip-link is chosen during a shuﬄe move is Z−1. The average squared amount of arc
shuﬄed across one particular slip-link during a shuﬄe move is then given by:
〈∆N2〉 = Z−12ZkBT
ζs
∆t = 2
kBT
ζs
∆t (4.14)
Equation 4.14 indicates that the average square amount of arc-length proposed to be
shuﬄed across a polymer during a shuﬄe move obeys the standard diffusion equation
form with diffusion constant D = kBT/ζs. After proposing an amount of arc-length to
shuﬄe a shuﬄe move is subject to a probabilistic acceptance rate designed to satisfy
detailed balance and give the configuration probability distribution in Equation 4.4
in equilibrium. However, if the two strands involved in the shuﬄe move are both very
long (Ni  ∆N) the move will be very likely to be accepted, and the average single
slip-link arc diffusion will obey Equation 4.14.
A shuﬄe move acceptance probability is required to ensure that detailed balance is
satisfied in the equilibrium state. Detailed balance requires that total transition rates
between states are equal in equilibrium. P (Ωj)dΩj is the probability that a polymer
in equilibrium will be found in configuration Ωj. Let R(Ωj → Ωk) represent the
probability of proposing a move from Ωj to Ωk, and A(Ωj → Ωk) be the probability
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of accepting such a move. Detailed balance requires:
P (Ωj)dΩjR(Ωj → Ωk)A(Ωj → Ωk) = P (Ωk)dΩkR(Ωk → Ωj)A(Ωk → Ωj) (4.15)
First it must be stated that if a shuﬄe move proposal would result in a strand having
zero or negative arc-length that proposal is rejected (such configurations are not
allowed in the model, and thus have zero probability of acceptance). In the case of
shuﬄe moves the probability P (∆N)d∆N of proposing a motion of arc length ∆N
across a slip-link is equal to the probability of the reverse proposal P (−∆N)d∆N
(Equation 4.13). Consequently for shuﬄe moves R(Ωj → Ωk) = R(Ωk → Ωj) and the
detailed balance criteria in Equation 4.15 can be rewritten as:
A(Ωj → Ωk)
A(Ωk → Ωj) =
P (Ωk)dΩk
P (Ωj)dΩj
(4.16)
The probability ratio P (Ωk)dΩk/P (Ωj)dΩj can be evaluated using the configuration
probability distribution in Equation 4.4. The configurations before and after a shuﬄe
move will be in every way identical except for a transfer of arc-length ∆N across one
slip-link from one polymer strand to another. Considering a shuﬄe move transferring
arc length ∆N between two interior strands, and taking Ωj as the configuration
before a proposed shuﬄe move and Ωk as the configuration after the move (as shown
in Figure 4.2), the detailed balance condition for shuﬄe move acceptance probabilities
becomes:
A(Ωj → Ωk)
A(Ωk → Ωj) =
G0( ~Qm;Nm −∆N)G0( ~Qm+1;Nm+1 + ∆N)
G0( ~Qm;Nm)G0( ~Qm+1;Nm+1)
(4.17)
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A(Ωj → Ωk)
A(Ωk → Ωj) =
(
Nm
Nm −∆N
)3/2
exp
[
3 ~Q2m
2b2
(
1
Nm
− 1
Nm −∆N
)]
·
(
Nm+1
Nm+1 + ∆N
)3/2
exp
[
3 ~Q2m+1
2b2
(
1
Nm+1
− 1
Nm+1 + ∆N
)]
(4.18)
Here the shuﬄe move is considered to be moving polymer arc-length ∆N from the
number m polymer strand to the neighboring m + 1 strand, where both of these
strands are interior strands. This acceptance ratio can be efficiently implemented in
simulation using the Metropolis [160] method. Denoting the value of the right side
of Equation 4.18 as λ the in-simulation acceptance probability for a proposed shuﬄe
move is:
A(Ωj → Ωk) =
λ if λ < 11 if λ ≥ 1 (4.19)
This acceptance probability for a proposed shuﬄe move enforces the acceptance prob-
ability ratio between a shuﬄe move and the reverse shuﬄe move between two interior
strands which is required to satisfy detailed balance in equilibrium (Equation 4.18).
The form of the acceptance probability is symmetric under a reversal of which strand
is losing and which is gaining the shuﬄed arc-length. Consequently the shuﬄe move
acceptance probability given in Equations 4.18 and 4.19 is the proper acceptance
probability for any shuﬄe move between interior strands so long as the strand la-
beled m is taken as the strand losing arc-length during the shuﬄe move, and the
strand labeled m + 1 is taken as the strand gaining arc-length during the shuﬄe
move. With this move acceptance probability scheme the move acceptance probabil-
ity ratio required for detailed balance (Equation 4.16) is satisfied for shuﬄe moves
transferring arc-length between interior strands.
If instead of transferring arc-length between two interior strands a shuﬄe move
transfers arc length between an interior strand and an end strand the same type of
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analysis can be used to determine the move acceptance probability ratio. Considering
a shuﬄe move transferring arc-length ∆N from an interior strand to an end strand,
and taking Ωj as the configuration before the move and Ωk as the configuration after,
the move acceptance probability ratio required for detailed balance is found to be:
A(Ωj → Ωk)
A(Ωk → Ωj) =
G0( ~Qm;Nm −∆N)
G0( ~Qm;Nm)
(4.20)
A(Ωj → Ωk)
A(Ωk → Ωj) =
(
Nm
Nm −∆N
)3/2
exp
[
3 ~Q2m
2b2
(
1
Nm
− 1
Nm −∆N
)]
(4.21)
Denoting the right side of Equation 4.21 as λ this move acceptance probability ratio
can again be enforced in simulation by taking A(Ωj → Ωk) to be as given in Equation
4.19. This move acceptance probability once again possesses symmetry such that it is
the correct shuﬄe move acceptance probability to use for any shuﬄe move transferring
arc-length between an interior strand and an end strand, though in this case the strand
labeled m must be taken as the interior strand. If arc-length is being transferred
from the end strand to the interior strand then the sign of ∆N should be negative.
Such a move acceptance scheme satisfies the required acceptance probability ratio in
Equation 4.21 for shuﬄe moves transferring arc-length between an interior stand and
an end strand.
If a polymer possesses only one slip-link any proposed shuﬄe move will be accepted
(provided the strands on either side continue to have positive arc-length) as the model
configuration given in Equation 4.4 indicates that any arc-length location for a single
slip-link is equally probable. In this entangled polymer model a polymer is not allowed
to have zero slip-links.
It should be noted that the shuﬄe move acceptance transition rules can be ex-
pressed in a somewhat more common manner (as done by Schieber et al. [146–156])
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by defining the free energy of end strands to be identically zero, and then consistently
defining the free energy of internal strands to be:
Fs
kBT
≡ 3
~Q2s
2Nsb2
− 3
2
ln
[
3
2piNs
]
(4.22)
If this method is used the appropriate shuﬄe move acceptance rates may be obtained
through the most common formulation of the Metropolis rule: If the total free energy
of the configuration after the move is less than the current total free energy the
move should be accepted. If the total free energy of the configuration after the
move is greater than the current total free energy the move should have acceptance
probability exp [(Fold − Fnew)/kBT ]. I do not focus on this free energy method of
expression because the later description of extending the simulation to account for an
external chemical potential field is more easily explainable in terms of probabilities
and statistical weights. Additionally, actually employing the free energy method
in this simulation would involve unnecessary logarithms and exponentiations, and
description of the slip-link create/destroy move acceptance rates in terms of free
energies is somewhat more delicate. However, this free energy description shall be
briefly discussed when considering the model diffusion dynamics, and the calculation
of forces and stress at a polymer-polymer interface.
4.2.2 Monte Carlo Move: Slip-Link Create/Destroy Move
In addition to shuﬄe moves the simulation employs a slip-link create/destroy move
which forms or releases new polymer entanglements. The create/destroy move creates
or destroys slip-links only within user specified arc-length regions near the polymer
ends (the simulation does not include constraint release [42, 43]). This localization
of entanglement creation and destruction near the polymer ends is a modeling choice
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made to make the model behavior similar to that of well understood tube models of
polymer entanglement, in which confining tube sections (entanglements) are created
and destroyed only at the polymer ends [36].
When a slip-link create/destroy move is invoked a random decision is made whether
to propose a slip-link creation or destruction. When invoking a create/destroy move
it is equally probably that a slip-link creation or destruction proposal will be made.
During a polymer slip-link destruction proposal one of the two slip-links nearest to
the two polymer ends is chosen at random, and a proposal to remove that slip-link is
made. If the slip-link is far enough from the nearest polymer end that it is outside the
specified arc-length region for slip-link creation/destruction then it is not destroyed.
If the slip-link is within the creation/destruction arc-length region then whether to
accept the proposed slip-link destruction is decided using a destruction acceptance
probability designed to satisfy detailed balance in equilibrium.
During a polymer slip-link creation proposal one of the two polymer ends is chosen
at random to receive a proposed new slip-link. A probabilistic proposal is made for
the arc and space locations of the proposed new slip-link. The arc position proposal is
made before the space position proposal. The proposed arc position of the new slip-
link is chosen using a uniform probability distribution over the arc-length available at
the chosen polymer end. The amount of available arc-length is the arc-length between
the polymer end and the next slip-link, or the user specified arc-length in which
creation/destruction is allowed, whichever is less. After a proposal for the arc position
of the new slip-link has been made a proposal for the space position is made using the
end-to-end vector probability distribution for a Gaussian strand (Equation 4.2 using
the arc-length between the new slip-link and the next nearest slip-link). After the
proposed location of the new slip-link has been determined, whether to accept the
proposed slip-link creation is decided using a creation acceptance probability designed
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to satisfy detailed balance in equilibrium.
Ωj Ωk
Figure 4.3: An illustration of slip-link create/destroy Monte Carlo moves.
The slip-link creation/destruction move acceptance probability ratio required to
satisfy detailed balance can be determined in the same manner as used to determine
shuﬄe move acceptance. Let Ωj now denote a polymer configuration with Z slip-
links, and let Ωk denote a polymer configuration in every way identical to Ωj except
for the absence of one slip-link nearest to a polymer end (Ωk has Z − 1 slip-links,
as illustrated in Figure 4.3). In equilibrium detailed balance requires the transition
rates between these two states to be equal; this requirement is summarized in terms
of move proposal and acceptance probabilities in Equation 4.15.
Applying Equation 4.15 to create/destroy moves P (Ωj)dΩj is the equilibrium
probability that the polymer will be in the Ωj state (here the state with Z total
slip-links). R(Ωj → Ωk) is the probability that a move would propose the transition
Ωj → Ωk. This transition is one of slip-link destruction, and R(Ωj → Ωk) is given by:
R(Ωj → Ωk) = 1
4
(4.23)
This value for R(Ωj → Ωk) arises from the probability that a create/destroy move
proposes a slip-link destruction (probability 1/2), multiplied by the probability that
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the destruction proposal chooses the correct slip-link near one of the polymer ends to
propose the transition Ωj → Ωk (also probability 1/2). A(Ωj → Ωk) is the probability
that the proposed slip-link destruction move will be accepted.
Similarly, for create/destroy moves P (Ωk)dΩk is the equilibrium probability that
the polymer will be in the Ωk state (here the state with Z − 1 total slip-links).
R(Ωk → Ωj) is the probability that a move would propose the transition Ωk → Ωj.
This transition is one of slip-link creation, and in this case R(Ωk → Ωj) is given by:
R(Ωk → Ωj) = 1
4
dNZ
NE∗
(
3
2piNsb2
)3/2
exp
[
− 3
~Q2s
2Nsb2
]
d~Qs (4.24)
The factor of 1/4 in Equation 4.24 once again comes from the product of the
probability that a create/destroy move will propose slip-link creation (probability
1/2), and the probability that the randomly selected polymer end chosen to receive
the new slip-link will be the correct one to cause the transition Ωk → Ωj (probability
1/2). The factor dNZ/NE∗ in Equation 4.24 arises because the arc location of the
new slip-link is generated using a uniform distribution over the available arc-length
near the polymer end (NE∗). NE∗ is equal to the arc-length present in the dangling
polymer end strand NE, or the arc-length in which slip-link creation/destruction is
allowed N∗, whichever is less.
NE∗ =
NE if NE ≤ N∗N∗ if NE > N∗ (4.25)
The Gaussian function in Equation 4.24 arises because the proposed space location of
the new slip-link is generated using a Gaussian distribution for the strand end-to-end
vector between the new slip-link and its nearest neighbor.
Detailed balance requires the acceptance ratio for Monte Carlo moves be given
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by:
A(Ωj → Ωk)
A(Ωk → Ωj) =
P (Ωk)dΩkR(Ωk → Ωj)
P (Ωj)dΩjR(Ωj → Ωk) (4.26)
Applying this to slip-link create/destroy moves using the move proposal probabilities
in Equations 4.23 and 4.24, and the appropriate equilibrium configuration probabili-
ties from Equation 4.4, the move acceptance ratio becomes:
A(Ωj → Ωk)
A(Ωk → Ωj) =
β
NE∗
(4.27)
In simulation this acceptance probability ratio is enforced using the Metropolis
criteria:
A(Ωj → Ωk) =

β
NE∗
if β
NE∗
< 1
1 if β
NE∗
≥ 1
A(Ωk → Ωj) =

NE∗
β
if NE∗
β
< 1
1 if NE∗
β
≥ 1
(4.28)
Throughout most of this work the simulations have the arc-length region of slip-link
creation and destruction set to be equal to twice the average entanglement length
N∗ = 2Ne = 2β.
The proposal and acceptance probabilities for slip-link create/destroy moves en-
sure detailed balance in equilibrium by enforcing the slip-link create/destroy accep-
tance probability condition in Equation 4.27. The proposal and acceptance probabili-
ties for both slip-link create/destroy moves and arc-length shuﬄe Monte Carlo moves
enforce the chosen model equilibrium configuration probability density in Equation
4.4. This can be tested through the examination of the equilibrium distributions of
physical polymer properties during simulation.
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4.2.3 Simulation Equilibrium Validation
To check the correctness of the simulation the distributions of some physical quanti-
ties measured on simulated polymers in equilibrium may be compared to the model
equilibrium distributions derived in section 4.1.1. As previously stated, the form of
this slip-link model results in all slip-links being evenly randomly distributed along
the polymer contour. This may be checked with a histogram of slip-link arc-length
positions obtained from simulation:
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Figure 4.4: Histogram of the slip-link contour position n for simulated polymers at equilib-
rium. Simulations parameters: N = 50, β = 3.125, simulation timestep ∆t = 2.56(10−5)te,
te ≡ N2e ζs/(kBT ). The histogram is normalized such that the sum of all entries is one.
Figure 4.4 indicates that the average concentration of slip-links along the simulated
polymer contour is uniform, as expected for slip-links evenly randomly distributed
along the contour. In this and subsequent simulations, the arc-length region of slip-
link creation and destruction is set equal to 2β.
The number of slip-links on a simulated polymer fluctuates as slip-links are created
and destroyed near the polymer ends. In this model the number of slip-links Z on a
polymer is expected to follow a Poisson distribution restricted to Z ≥ 1 as derived in
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Equation 4.8. This may be tested via a histogram of slip-links present on a simulated
polymer:
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Figure 4.5: Histogram of the number of slip-links Z present on simulated polymers at
equilibrium. The red line is the expected distribution function for Z of the form given in
Equation 4.8. The histogram is normalized such that the sum of all entries is one. The
distribution function is multiplied by a constant to fit the histogram height. Simulation
parameters: N = 50, β = 3.125, simulation timestep ∆t = 2.56(10−5)te, te ≡ N2e ζs/(kBT ).
As can be seen in Figure 4.5, in which the red line is the predicted equilibrium
total slip-link number distribution function of the form given in Equation 4.8, the
expected equilibrium distribution for slip-link number is obtained in simulation.
The distribution for the arc-length between slip-links for any single polymer strand
is expected to be a decaying exponential as indicated in Equation 4.11, with the decay
length being the simulation parameter β. This may be checked using a histogram of
arc-length present in a single strand of a simulated polymer:
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Figure 4.6: Histogram of strand arc-length Ns for simulated polymers at equilibrium. The
vertical axis is in logarithmic scale. The red line is the expected exponential distribution
function for Ns as given in Equation 4.11. The histogram is normalized such that the
sum of all entries is one. The distribution is multiplied by a constant to fit the histogram
height. Simulation parameters: N = 50, β = 3.125, simulation timestep ∆t = 2.56(10−5)te,
te ≡ N2e ζs/(kBT ).
As can be seen in Figure 4.6, in which the red line in the predicted equilibrium
strand arc-length distribution function of the form given in Equation 4.11, the ex-
pected equilibrium strand arc-length distribution is obtained in simulation.
It can be seen that the sampled distributions for slip-link arc position, slip-link
number, and strand length, agree with the expected distributions derived from the
chosen model configuration density. This indicates that the Monte Carlo move tran-
sition probabilities succeed in enforcing detailed balance in equilibrium, with the re-
sulting equilibrium configuration density being that chosen for the model in Equation
4.4.
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4.3 Model Diffusion Dynamics: Pseudo-Ring Toy
Simulation
In order to study the diffusion dynamics of the simulation model an analysis is made
of the mean square arc-length displacement of the polymer over time. In order to
do this consistently, a “pseudo-ring” polymer is simulated. A pseudo-ring polymer is
a polymer simulated according to the normal model except that the number of slip-
links is fixed and the polymer arc-length is treated as periodic; that is, the ends of the
polymer are considered connected such that during polymer diffusion when a slip-link
moves off one polymer end it moves onto the opposite polymer end. Simulating in this
way allows for the analysis of the polymer arc diffusion obtained by this simulation
algorithm, and how this diffusion depends on model parameters. A plot of the average
square amount of arc-length diffused across a single slip-link as a function of time is
shown below.
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Figure 4.7: Mean square polymer diffusion across a slip-link vs. time for a pseudo-ring
polymer. Number of slip-links fixed at Z = 11. Simulation parameters: N = 75, simulation
timestep ∆t = 5.38(10−6)te, te ≡ N2e ζs/(kBT ).
As can be seen from Figure 4.7 the behavior of the average square amount of arc-
length diffused across a slip-link has different distinct regimes. Though the simulation
represents diffusion of polymer arc-length across stationary slip-link entanglements,
in the analysis of pseudo-ring diffusion it may be more easily thought of as diffusion
of slip-links in the space of arc-length, with 〈∆N2〉 representing the average squared
slip-link displacement in arc-length space. In this sense the diffusion is of the type of
non-passing interacting particles (slip-links) around a one dimensional ring.
When analyzing model dynamics the most natural timescale is the characteristic
time to diffuse an entanglement arc-length (see Equation 4.14):
te =
N2e ζs
kBT
(4.29)
Here Ne is the average arc-length between slip-link entanglements. te is used as the
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time unit when discussing the dynamics of this model, and arc-lengths are considered
in ratio to the entanglement arc-length Ne. te is also the relevant timescale to consider
for questions of simulation convergence with timestep (the dynamics are expected to
converge when the simulation timestep ∆t te).
When performing pseudo-ring polymer simulations the slip-links are first ran-
domly placed along the polymer arc-length, and then strand end-to-end vectors ~Qs
are generated using the Gaussian probability distribution in Equation 4.2. In the
pseudo-ring simulation the number of slip-links remains constant, and the strand
end-to-end vectors remain fixed after generation.
In the shortest time regime 〈∆N2〉 is linear with time, and the slope is equal to
2kBT/ζs as expected from the shuﬄe move proposal probability distribution for arc-
length diffusion across a single slip-link between long strands (Equation 4.14). In this
time regime diffusion across slip-links occurs in an independent manner. Intuitively
speaking, in the shortest time regime the slip-links have not yet moved sufficiently
in arc-length space to develop any collective motion, and thus diffuse independently.
This behavior can be confirmed via a pseudo-ring simulation done with relatively long
strands:
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Figure 4.8: Early time mean square polymer diffusion across a slip-link vs. time for a
pseudo-ring polymer using three different diffusion constants D = kBT/ζs. The points are
simulation data while the lines are the expected behavior from Equation 4.14; in this plot
the predicted slopes have the value 2Dζs/kBT . Data point shape indicates the diffusion
constant: Round points: Dζs/kBT = 1, Square points: Dζs/kBT = 1/2, Diamond points:
Dζs/kBT = 1/3. . Simulation parameters: N = 2000, Z = 5, simulation timestep ∆t =
1.56(10−9)te.
The early time diffusion behavior shown in Figure 4.8 indicates that the expected
short time diffusion dynamics (Equation 4.14) are obtained in simulation. Because
this early time diffusion behavior depends only on the simulation diffusion constant
parameter, it is independent of the total polymer length, or the number of slip-links
present (the short time diffusion is purely local). This can be verified by comparing
the early time diffusion behavior of pseudo-ring polymers with identical local diffusion
constants kBT/ζs but different total lengths:
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Figure 4.9: Early time mean square polymer diffusion across a slip-link vs. time for a
pseudo-ring polymer for two different length polymers with the same diffusion constants
D = kBT/ζs. Data point shape indicates the total polymer contour length: Round points:
N = 2000, Square points: N = 3000. The line is the expected behavior Equation 4.14 with
slope 2Dζs/kBT = 2. Number of slip-links constant at Z = 5. Simulation timestep: Round
points: ∆t = 1.56(10−9)te, Square points: ∆t = 6.94(10−10)te .
As can be seen in Figure 4.9 the early time arc-length diffusion is unaffected by
total polymer length; short time diffusion is purely local and depends only on the
local diffusion constant.
In the long time regime 〈∆N2〉 is also linear with time, and the slope is reduced
from the short time diffusion case by a factor of the number of slip-links on the
polymer Z. In the long time diffusion case the effective diffusion constant becomes
kBT/(Zζs). This diffusion is what is expected for total polymer collective diffusion
across Z slip-links; a drag coefficient of ζs is associated with each slip-link, and thus
total polymer collective diffusion has an effective drag coefficient of Zζs. Intuitively
speaking, in the long time regime diffusion is dominated by the collective motion of
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the polymer (or of the slip-links in arc-length space), and in such a case the diffusion
constant depends on the total polymer drag (or the total drag of the collection of all
slip-links in arc-length space).
Z=11
Z=21
Z=31
Figure 4.10: Late time mean square polymer diffusion across a slip-link vs. time for pseudo-
ring polymers with different numbers of slip-links Z. Labels indicate the number of slip-links
Z on the pseudo-ring polymer: Z = 11, Z = 21, and Z = 31. The points are simulation
data while the lines show the expected behavior; in this plot the predicted slopes have the
value 2/Z. Simulation parameters: N = 75, simulation timesteps in order of increasing Z:
∆t = 5.38(10−6)te, ∆t = 1.96(10−5)te, ∆t = 4.27(10−5)te.
In Figure 4.10 the agreement between the slopes of the displayed lines and diffusion
data indicates that the long time arc-length diffusion on a pseudo-ring polymer has
the expected effective diffusion constant of kBT/(Zζs). This indicates that long time
arc-length diffusion is dominated by the collective diffusion of the entire polymer,
for which the effective drag constant is Zζs, the sum of the drag constants for all
slip-links.
Between the short and long time linear diffusion regimes there exists a sub-diffusive
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regime in which diffusion across each individual slip-link is no longer independent, but
the total polymer collective diffusion mode is not yet completely dominant. In this
regime 〈∆N2〉 ∼ √t. The presence of such a sub-diffusion regime is a characteristic of
one dimensional diffusion systems, particularly so-called “single file” systems involv-
ing the one dimensional diffusion of particles that cannot pass each other [161–165].
Since the slip-links here behave as a type of non-passing particle in the space of
arc-length this model maps to such a single file description.
4.3.1 Pseudo-Ring Stochastic Analysis
The arc-length diffusion in the pseudo-ring toy model can be studied via stochastic
analysis. The goal of such analysis is to obtain mathematical expressions that would
describe the diffusion behavior over all time regimes. In order to do so a stochastic
equation designed to accurately describe the polymer arc-length diffusion modes is
constructed.
In order to construct a tractable stochastic equation some approximations are
required. To begin, consider a very long pseudo-ring polymer with many slip-links
(N  1 and Z  1) in equilibrium at temperature T . Consider one strand between
slip-links, with the influence of the rest of the polymer treated as a “chemical potential
bath” µs conjugate to arc-length (ie. one polymer strand in grand canonical ensemble
with respect to arc-length). It was previously mentioned that, when considering arc-
length diffusion (or a fixed number of slip-links), the chosen model configuration
distribution (Equation 4.4) is equivalent to taking each polymer strand as having a
free energy as given by Equation 4.22. Consequently, when considering arc-length
diffusion around a pseudo-ring polymer this is taken to be the fundamental strand
free energy. The rest of the polymer is treated as being at chemical potential µs. In
the manner of grand canonical ensemble the effective strand system free energy then
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becomes:
Fs
kBT
=
3 ~Q2s
2Nsb2
− 3
2
ln
[
3
2Ns
]
− µs
kBT
Ns (4.30)
This can be used to calculate the average strand arc-length:
〈Ns〉 = A
∫ N
0
dNsNs
(
3
2Ns
)3/2
exp
[
− 3
~Q2s
2Nsb2
+
µs
kBT
Ns
]
(4.31)
Here A is a normalization constant. Because a very long polymer is being considered
the upper limit of the integral is taken to be infinite (N → ∞), which gives A =
(2pib2/3 ~Q2s) exp[
√
6µs/kBT | ~Qs|/b], and gives the average strand length as:
〈Ns〉 = |
~Qs|
b
√
3kBT
−2µs (4.32)
This can be inverted for an expression of the polymer chemical potential in terms of
the average strand length. Additionally, the approximation is made that the polymer
strand length is sharply peaked about its average (a macroscopic “hydrodynamic”
approximation) so that 〈Ns〉 can now be treated as a macroscopic variable for strand
length which I shall just denote as Ns. Furthermore, the approximation is now made
that ~Q2s is sharply peaked (fixed) at the polymer strand average random walk value of
N
Z
b2. Altogether this then gives an approximate expression for the polymer chemical
potential in terms of the strand length:
µs = −N
Z
3kBT
2N2s
(4.33)
Now considering fluctuations about the average chemical potential value, since Ns is
considered to be sharply peaked about its average value (N/Z) it may be expanded
about this average value. In this representation the polymer chemical potential may
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be approximated as:
µs = −3kBT
2
Z
N
+ 3kBT
(
Z
N
)2(
Ns − N
Z
)
(4.34)
The polymer is composed of strands, and so now it is considered that this expression
can be treated as the chemical potential of a polymer strand of arc-length Ns in the
regime where polymer strands are long with length strongly peaked about the average
value (a macroscopic “hydrodynamic” regime). In such a case the strand arc-length
can be expressed as the difference in the arc-length coordinates of the bordering
slip-links Ns = nj+1 − nj.
Using this expression for strand chemical potential it is possible to consider the
chemical potential difference ∆µj across the slip-link labeled j:
∆µj = 3kBT
(
Z
N
)2
((nj+1 − nj)− (nj − nj−1)) (4.35)
Here the chemical potential difference expression is given in terms of the slip-link
arc-length coordinates. The chemical potential across the slip-link will give rise to an
average flow of arc-length (arc-length per time) equal to −(kBT/ζs)∆µj. A flow of
arc length in the negative direction could be treated as a displacement of the slip-link
in the positive arc-length direction so that dnj = (kBT/ζs)∆µjdt. This flow relation
can be used to create a stochastic (Langevin) equation for the coordinates of the
slip-links on the pseudo-ring polymer. In doing this the slip-link index j is treated as
continuous to give the equation a differential form:
dnj =
3kBT
ζs
(
Z
N
)2
∂2nj
∂j2
dt+
√
2kBT
ζs
η(j, t)dt (4.36)
Where here η(j, t)dt is a thermal stochastic force term and η(j, t)dt is known as
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the differential Wiener measure. The term involving the random force conveys the
influence of thermal fluctuations. The random force term has the properties:
〈η(j, t)η(j′, t′)〉 = δ(j − j′)δ(t− t′) (4.37)
〈η(j, t)〉 = 0 (4.38)
Equation 4.36 may be re-expressed as:
∂n(j, t)
∂t
=
3kBT
ζs
(
Z
N
)2
∂2n(j, t)
∂j2
+
√
2kBT
ζs
η(j, t) (4.39)
It is possible to use this stochastic equation to derive solutions for the diffusion mode
behavior of the pseudo-ring polymer. In order to find the average behavior of n(j, t)
over the strand index interval 0 < j < Z consider the complex Fourier representation:
n(j, t) =
∞∑
p=−∞
n˜(p, t) exp
[
2pipi
Z
j
]
(4.40)
Where p is an integer and n˜(p, t) is given by:
n˜(p, t) =
1
Z
∫ Z
0
dj n(j, t) exp
[
−2pipi
Z
j
]
(4.41)
Here the Fourier representation is given in a discrete spectrum over the finite range
0 < j < Z, and as such the Fourier representation is already periodic with period N
and is a suitable representation of the polymer ring. In exact analogy the random
force can be represented as:
η(j, t) =
∞∑
p=−∞
η˜(p, t) exp
[
2pipi
Z
j
]
(4.42)
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The η˜(p, t) functions are independent, and calculating the moments gives:
〈η˜(p, t)〉 = 0 (4.43)
For p = 0:
〈η˜(0, t)η˜(p′, t′)〉 = 1
Z
δ(t− t′)δ0,p′ (4.44)
For |p| ≥ 1:
〈η˜(p, t)η˜(p′, t′)〉 = 1
Z
δ(t− t′)δ−p,p′ (4.45)
Using Equations 4.40 and 4.42 in Equation 4.39 and comparing like Fourier terms
leads to the relations:
For p = 0:
∂n˜(0, t)
∂t
=
√
2kBT
ζs
η˜(0, t) (4.46)
For |p| ≥ 1:
∂n˜(p, t)
∂t
=
3kBT
ζs
(
Z
N
)2(
2pip
Z
)2
n˜(p, t) +
√
2kBT
ζs
η˜(p, t) (4.47)
Calculating the diffusion behavior of the p = 0 term:
〈
(n˜(0, t)− n˜(0, 0))2〉 = 2kBT
ζs
∫ t
0
dt′
∫ t
0
dt′′〈η˜(0, t′)η˜(0, t′′)〉 (4.48)
〈
(n˜(0, t)− n˜(0, 0))2〉 = 2kBT
Zζs
t (4.49)
So the diffusion coefficient of the p = 0 Fourier mode is given by D = kBT/(Zζs).
Calculating the average behavior of the higher modes is now possible (the method
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is analogous to the analysis of the Rouse model in [36]). Defining tp as:
tp ≡ ζs
3kBT
(
N
2pip
)2
(4.50)
The time auto-correlation function for the p,−p mode pair (a composite of the both
existing sine and cosine modes) yields:
〈n˜(p, t)n˜(−p, 0)〉 = kBTtp
Zζs
exp [−t/tp] (4.51)
Since the p = 0 mode corresponds to the average position of all slip-links the slip-
link average diffusion behavior has already been calculated in Equation 4.49. The
results for the Fourier mode behavior can further be used to determine the ensemble
average diffusion behavior of individual slip-links in the ring system. Using the Fourier
representation in Equation 4.40 the average square of slip-link displacement can be
expressed as:
〈
(n(j, t)− n(j, 0))2〉 = 〈( ∞∑
p=−∞
n˜(p, t) exp
[
2pipi
Z
j
]
−
∞∑
p=−∞
n˜(p, 0) exp
[
2pipi
Z
j
])2〉
(4.52)
Computing the right side of the above equation involves treating many terms of the
form 〈n˜(p, t)n˜(p′, 0)〉. However, only the terms with p = −p′ will have a non-zero
average. The non-zero terms will have values as shown in Equation 4.51. Expanding
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the right side of the equation and keeping only the non-zero terms results in:
〈
(n(j, t)− n(j, 0))2〉 = −4 ∞∑
p=1
〈n˜(p, t)n˜(−p, 0)〉
+ 2
∞∑
p=1
〈n˜(p, t)n˜(−p, t)〉+ 2
∞∑
p=1
〈n˜(p, 0)n˜(−p, 0)〉
+ 〈n˜(0, t)2〉+ 〈n˜(0, 0)2〉 − 2〈n˜(0, t)n˜(0, 0)〉 (4.53)
The term on the first line of Equation 4.53 can be calculated using Equation 4.51:
−4
∞∑
p=1
〈n˜(p, t)n˜(−p, 0)〉 = −4kBT
Zζs
∞∑
p=0
tp exp[−t/tp] (4.54)
The second line of Equation 4.53 can be calculated in the same manner:
2
∞∑
p=1
〈n˜(p, t)n˜(−p, t)〉+ 2
∞∑
p=1
〈n˜(p, 0)n˜(−p, 0)〉 = 4kBT
Zζs
∞∑
p=1
tp (4.55)
The last line of Equation 4.53 can be re-expressed as:
〈n˜(0, t)2〉+ 〈n˜(0, 0)2〉 − 2〈n˜(0, t)n˜(0, 0)〉 = 〈(n˜(j, t)− n˜(j, 0))2〉 (4.56)
This last quantity corresponds to the p = 0 mode diffusion behavior and has already
been calculated in Equation 4.49.
Collecting all terms the ensemble average squared displacement of an individual
slip-link is given by:
〈
(n(j, t)− n(j, 0))2〉 = 2kBT
Zζs
t+
4kBT
Zζs
∞∑
p=1
tp (1− exp[−t/tp]) (4.57)
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With the values of tp this becomes:
〈
(n(j, t)− n(j, 0))2〉 = 2kBT
Zζs
t+
N2
3pi2Z
∞∑
p=1
p−2
(
1− exp
[
−12pi
2kBTp
2t
N2ζs
])
(4.58)
In actuality because the slip-links are discrete objects and finite in number there
will not be an infinite number of Fourier modes to sum over. The shortest wavelength
Fourier mode for the slip-link system will correspond to the case where one Fourier
wavelength takes place across three slip-links. This makes the total number of Fourier
modes equal to Z−1
2
(here assuming an odd Z).
The short time behavior is obtained by expanding Equation 4.57 about time zero
and keeping only the linear terms which yields:
〈
(n(j, t)− n(j, 0))2〉 = 2kBT
Zζs
t− 4kBT
Zζs
Z−1
2∑
p=1
t (4.59)
〈
(n(j, t)− n(j, 0))2〉 = 2kBT
Zζs
t− 4kBT
Zζs
Z − 1
2
t (4.60)
〈
(n(j, t)− n(j, 0))2〉 = 2kBT
ζs
t (4.61)
This diffusion rate for a single slip-link at early times agrees with simulation results;
the diffusion constant in this time regime is D = kBT/ζs.
At long times Equation 4.58 becomes approximately:
〈
(n(j, t)− n(j, 0))2〉 = 2kBT
Zζs
t+
N2
3pi2Z
Z−1
2∑
p=1
p−2 (4.62)
For large values of Z the sum in the above equation can be very well approximated
by making the limit infinite (for Z = 100 the difference is less than two percent) so I
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make this approximation to obtain the analytic result:
〈
(n(j, t)− n(j, 0))2〉 = 2kBT
Zζs
t+
N2
18Z
(4.63)
This result indicates that in terms of diffusion rates the diffusion constant at long
times is the short time diffusion constant multiplied by a factor of Z−1; at long times
the diffusion constant is D = kBT/(Zζs).
In order to obtain an analytic result for intermediate time diffusion behavior the
sum in Equation 4.58 is replaced with an integral according to the Euler integral
approximation: ∫ n
0
dxf(x) ≈ f(0)
2
+ f(1) + f(2) + ...+
f(n)
2
(4.64)
Where here n is an integer. Since the sum in Equation 4.58 lacks the zeroth term the
value of the zeroth term must be determined to make the approximation. Expanding
the summation function about p = 0 and yields the leading term 4kBT
Zζ
t. The integral
approximation takes half the value of the zeroth term, which in this case is conve-
niently supplied by the leading term in Equation 4.58 corresponding to average total
diffusion. Thus all of Equation 4.58 can be approximated as:
〈
(n(j, t)− n(j, 0))2〉 = N2
3pi2Z
∫ ∞
0
dp p−2
(
1− exp
[
−12pi
2kBTp
2t
N2ζs
])
(4.65)
Here again the large Z approximation is used to set the upper limit of the integral to
infinity. Doing the integral gives:
〈
(n(j, t)− n(j, 0))2〉 = 2√
3pi
N
Z
√
kBT
ζs
√
t (4.66)
So at intermediate times the mean square slip-link displacement is expected to be
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proportional to
√
t (subdiffusive).
The full solution for the pseudo-ring diffusion given in Equation 4.58 is shown
compared to pseudo-ring diffusion data below:
1
1
1/2
Figure 4.11: Mean square polymer diffusion across a slip-link vs. time for a pseudo-ring
polymer. Both axes in logarithmic scale. Points are simulation data, line is the prediction
from Equation 4.58. Number of slip-links fixed at Z = 31. Slopes indicating power law
scaling in different regimes are indicated. Simulation parameters: N = 75, simulation
timestep ∆t = 4.27(10−5)te.
Figure 4.11 shows good agreement between the diffusion predicted from the stochas-
tic equation, and the simulated pseudo-ring polymer diffusion. The expected power
law scaling at early and late times (〈∆N2〉 ∝ t) is obtained, and an approximately
subdiffusive regime is found for intermediate times (〈∆N〉 ∝ t1/2). The subdiffusive
time power is slightly greater than the expected value of 1/2, but this appears to be
due to crossover effects caused by the early and late time regimes being not quite
separated enough (with these simulation parameters) to obtain a full subdiffusive
regime.
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The approximations made in generating the pseudo-ring diffusion prediction equa-
tion should be expected to introduce some error between the prediction and the sim-
ulated diffusion. The prediction is expected to be more accurate in the long-time
regime when the collective diffusion modes tend to dominate. As can be seen from
Figure 4.11, the predicted diffusion is surprisingly close to the simulated diffusion in
all sampled time regimes. Perhaps this is not especially surprising: by construction
the predicted diffusion has the correct diffusion constant (slope) at very short and
very long times (at short times it is diffusion across a single slip-link, while at long
times collective total polymer diffusion dominates). Additionally, the constructed
solution includes an intermediate time sub-diffusive regime as expected for any one-
dimensional single file system. Given these constraints on the predicted diffusion
solution fair agreement between the prediction and the simulated diffusion should
perhaps be expected.
4.4 Model Rheology
Slip-link simulation models of entangled polymers have been successful in reproducing
some realistic rheological responses [153,154]. The basic polymer slip-link simulation
described in this chapter reproduces a number of realistic rheological (stress/flow
response) properties of polymer melts. For example, when subject to a small step
shear strain, melts of linear entangled polymers in general exhibit a stress relaxation
that is exponential at long times. A step shear strain deformation is illustrated in
Figure 4.12 below.
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Y
X
Figure 4.12: Illustration of a step shear strain deformation of a polymer melt. The value
of the strain γyx is the ratio of the xˆ direction displacement to the yˆ direction extension;
γyx ≡ x/y (the tangent of the upper angle of the xy triangle).
In polymer melt experiments the induced stress following a small step strain
(γyx  1) exhibits a sudden decrease followed by an exponential decay. This stress
behavior was tested for the simulation model by subjecting simulated polymers to a
small step shear strain of γyx = 0.1. The simulated stress response is shown below.
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Figure 4.13: Stress relaxation vs. time following a small step shear strain of the simulated
melt. Applied step strain was γyx = 0.1. Vertical axis in logarithmic scale. The stress
relaxation is exponential at long times. The stress is expressed in ratio to σP ≡ kBTρP ,
where ρP is the polymer density (polymers per volume). More densely packed polymers
result in a larger stress response. Simulation parameters: N = 110, β = 3.125, simulation
timestep ∆t = 2.56(10−5)te.
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The simulated stress decay is exponential at long times as expected. In addition
to the exponential stress decay at long times the more rapid initial stress decay is also
expected at short times, and is associated with fast “retraction” of the polymer ends
following a step strain, during which some stress is quickly released as some polymer
end constraints are quickly vacated.
In Figure 4.13 it can be seen that the average melt stress immediately following
the step strain is equal to σP (〈Z〉 − 1)γyx. γyx is the value of the imposed shear
strain (the ratio of displacement along the xˆ direction relative to distance along the
yˆ direction). σP is the characteristic stress for a homopolymer melt simulation and is
defined as σP ≡ kBTρP , where ρP is the polymer density (polymers per volume). 〈Z〉
is the average number of slip-links per polymer. This initial stress value is what is
expected for a polymer composed of Gaussian strands, and is predicted through the
following argument.
For a single Gaussian strand between slip-links, the force on one strand end in the
xˆ direction is fx =
kBT
Nsb2
Qx (from Equation 4.1). Considering a rectangular polymer
melt of one polymer species subject to a shear strain γyx, the stress (force per area)
contribution from one single polymer strand across a plane drawn arbitrarily through
the melt perpendicular to the yˆ direction is:
σ(s)yx =
1
Ay
Qy
Ly
3kBT
Nsb2
Qx =
1
Vm
3kBT
Nsb2
QxQy (4.67)
In Equation 4.67 Ay is the melt area perpendicular to the yˆ direction, Ly is the length
of the rectangular melt in the yˆ direction, and Vm is the total melt volume Vm = AyLy.
In the first representation in Equation 4.67 the factor Qy/Ly is a representation of the
probability that the single strand will cross the arbitrarily drawn plane; in equilibrium
in a homopolymer melt the polymer strands will be equally likely to be at any location,
and so the probability that a single strand will cross any plane drawn perpendicular
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to yˆ is just the ratio of the polymer extension in the yˆ direction |Qy| to the melt length
in this direction Ly. In Equation 4.67 both Qx and Qy could be either positive or
negative, and both are defined relative to the same strand end. The signs of Qx and
Qy together correctly determine the sign of the stress contribution, which depends on
the relative positions of the strand ends in both the xˆ direction and the yˆ direction
(which strand end is “above” or “below” the considered plane).
The stress contribution for a single Gaussian strand given in Equation 4.67 de-
pends on Qx and Qy, which are independent, and equally likely to be positive or
negative when in equilibrium. Consequently the average stress contribution for a sin-
gle polymer strand in equilibrium is 〈σ(s)yx 〉 = 0. However, following a step strain the
strand configuration is perturbed and the stress contribution becomes non-zero. If a
step strain γyx is applied the value of Qx will be altered according to Q
′
x = Qx+γyxQy.
Consequently, following a step shear strain of γyx the stress contribution from a single
Gaussian polymer strand will be given by:
σ(s)yx =
1
Vm
3kBT
Nsb2
(
QxQy + γyxQ
2
y
)
(4.68)
In equilibrium the average square end-to-end distance of a polymer strand modeled as
a Gaussian filament will obey random walk statistics with 〈 ~Q2s〉 = Nsb2. Consequently,
the single squared directional component of strand end-to-end distanceQ2y in Equation
4.68 will average to 〈Q2y〉 = Nsb2/3, while the term containing QxQy will average to
zero. This means the average stress contribution for a single Gaussian strand following
a step strain deformation will be given by:
〈σ(s)yx 〉 =
kBT
Vm γyx (4.69)
For an instantaneous step strain the induced average melt stress will be the sum of the
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average induced stress in each Gaussian strand. In this model each polymer has 〈Z〉
average slip-links, giving each 〈Z〉 − 1 Gaussian strands. Consequently, the expected
stress induced by an instantaneous step shear strain is given by:
〈σyx〉 = kBTρP (〈Z〉 − 1)γyx
〈σyx〉 = σP (〈Z〉 − 1)γyx
(4.70)
For simulated polymers which are highly entangled (N  β) the average number of
slip-links is very well approximated by 〈Z〉 ≈ N/β. As can be seen from the initial
stress value in Figure 4.13, the simulation exhibits this expected stress following a
step strain.
In tube theories of polymer melt dynamics [36] stress relaxation after a step strain
takes place as polymers vacate the particular tube-like topological constraints confin-
ing them at the time of the strain application, and re-randomize their configurations.
In these tube theories it is postulated that the stress remaining (relative to the equi-
librium stress) after a step strain is proportional to the fraction of total polymer
arc-length still residing in same topologically confining tube as at the time of strain
application. The fraction of polymer arc-length residing in the original confining
tube is analogous to the number of original slip-links remaining on a polymer in the
slip-link entanglement model. In this model it is found that the fraction of original
slip-links remaining in equilibrium after some time decays exponentially in a manner
similar to the polymer stress relaxation following a small step shear strain. Thus this
slip-link model is similar to the successful tube models of entangled polymers in that
stress relaxation is largely governed by how quickly a polymer vacates its constraints.
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Figure 4.14: Fraction of original slip-links remaining ψZ vs. time, measured in equilibrium.
Vertical axis in logarithmic scale. The number of original slip-links remaining decays ex-
ponentially at long times. Simulation parameters: N = 70, β = 3.125, simulation timestep
∆t = 2.56(10−5)te.
The terminal relaxation times tr for the stress decay following a small step shear
strain, and the fraction of original slip-links remaining in equilibrium, were examined
by fitting a function of the form A exp[−t/tr] to the large time data regions for these
quantities. The relaxation times tr for different simulated polymer lengths N were
found, and the scaling of tr with respect to N is examined below.
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Figure 4.15: Relaxation time tr vs. polymer length N in monomers from simulation.
Both axes in logarithmic scale. The relaxation times tr are from fitting functions of type
A exp[−t/tr] to the long time regions of stress relaxation and slip-links remaining data of the
type in Figures 4.13 and 4.14. The tr values with square markers are from fraction of slip-
links remaining data; the fit gives tr/te = 1.49(10
−2)(N/Ne)3.36. The tr values with circular
markers are from stress relaxation data following a step strain of γyx = 0.1; the fit gives
tr/te = 1.61(10
−3)(N/Ne)3.93. The upper line is the reptation time from the Doi-Edwards
tube theory model [36]: tr/te = L
3/(pi2a3) = (N/Ne)
3/pi2 = 1.01(10−1)(N/Ne)3.
In Figure 4.15 the terminal relaxation times tr for stress following a small step
strain, and fraction of original slip-links remaining in equilibrium, are of similar mag-
nitude and follow similar scaling laws with respect to the polymer length N . In the
reptation picture of polymer relaxation, the characteristic relaxation time is the rep-
tation time trep ∼ N3. If polymer melt relaxation was governed purely by the core
mechanism of reptation, the relaxation times would scale like tr ∼ N3. As can be seen
from the power law fits to the data, for the fraction of original slip-links remaining
tr ∼ N3.36, and for the stress decay following a small step strain tr ∼ N3.93. Con-
sequently the data indicate that simple reptation might be a fair approximation for
the polymer relaxation mechanism, but it does not capture the entirety of the relax-
ation process. This is in agreement with experiment, in which it has been found that
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polymer melt stress following a small deformation decays exponentially at long times,
with a relaxation time tr ∼ Nα, with α ≈ 3.4 [40]. In some computer simulations
of polymers that allow for polymer contour length fluctuations a similar relaxation
time scaling has been reproduced [41]; the inclusion of contour length fluctuations has
been found to increase the scaling exponent above the value of 3 obtained from the
pure reptation picture. For this reason models including contour length fluctuations
are thought to be more physically realistic. This simulation model includes contour
length fluctuations, consequently it is a not a surprise that the relaxation times de-
pend somewhat more strongly on the polymer length N than in the pure reptation
picture.
The scaling of the relaxation times in Figure 4.15 can also be used as a check on the
fractional decay hypothesis, that the fraction of induced stress remaining following
a small deformation (in this case a step shear strain of γyx = 0.1) is governed by
the fraction of original slip-links (entanglements) remaining over time as measured in
equilibrium. For short polymer lengths the stress relaxation times are smaller than the
relaxation times for the fraction of original slip-links remaining, however, the stress
relaxation times increase more quickly with polymer length N (over the polymer
lengths sampled stress relaxation gives tr/ts ∝ N3.93 while tracking the fraction of
original slip-links gives tr/ts ∝ N3.36). For longer polymer lengths (N ≥ 90) the
stress and fractional slip-link relaxation times are close in value and appear to scale
in approximately the same way. This indicates that for longer polymers the fractional
decay hypothesis seems correct, while for shorter polymers (in this model those with
N < 90) terminal stress decay appears to be somewhat faster than the terminal decay
of the fractional loss of original slip-links.
In experiments performing startup shear deformations on polymer melts many
polymer melts show a stress “overshoot”, where the stress induced by the steady
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shear peaks before settling into a steady state value. This stress overshoot peak is
larger for larger applied shear rates. In polymer experiments the stress vs. strain
relation during the rise to the overshoot peak has been found to have some universal
characteristics [166]. A stress overshoot peak during startup shear is found in the
simulation and is examined below.
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Figure 4.16: Melt stress vs. strain for a startup shear situation. Stress overshoot is larger
for larger shear rates γ˙yx, and thus for larger Weissenberg numbers (Wi = γ˙yx trep). Weis-
senberg numbers for applied shear rates: Wi = 0.4, Wi = 0.8, Wi = 1.6, Wi = 3.2, Wi
= 6.4, Wi = 12.8, Wi = 25.6. Melt stress is expressed in ratio to the plateau mod-
ulus G0N = 4kBT/(5Neν) [36], where ν is the monomer volume. The stress behavior
shows an “overshoot”. Simulation parameters: N = 50, β = 3.125, simulation timestep
∆t = 2.56(10−5)te.
In polymer experiments the stress rise to the overshoot peak is found to be a
universal function when plotted in ratio to the peak values [166]. That is, σyx/σmax
vs. γ/γmax is found to be a universal function during the rise to the overshoot peak,
where σmax is the overshoot peak stress, and γmax is the strain where the overshoot
peak occurs. This quality is reproduced in the simulation as shown below.
119
CHAPTER 4. SLIP-LINK SIMULATION
Σyx
Σmax
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
ΓΓmax
Figure 4.17: Melt stress vs. strain for a startup shear in bulk simulation. Stress and
strain are plotted in ratio to the values at the overshoot peaks. Data shown for different
applied shear rates corresponding to Weissenberg numbers: Wi = 3.2, Wi = 6.4, Wi =
12.8, Wi = 25.6. When plotted in this way the rise to the overshoot peak is found to
be a universal function. Simulation parameters: N = 50, β = 3.125, simulation timestep
∆t = 2.56(10−5)te.
It can be seen that the stress behavior of this simulation model exhibits some
physically realistic properties, including a stress decay following a small step shear
strain which is exponential at long times, physically realistic scaling of relaxation
times with polymer length N , and universal stress overshoot behavior following shear
startup.
4.5 Summary
This fundamental simulation model reproduces several response properties of polymer
melts found to agree with experiment. For this reason slip-link models are popular
tools for theoretical analysis of entangled polymers, and the simulation developed
here is based on such a model in order to obtain a fast and physically realistic result.
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The fundamental model treats a polymer as a Gaussian filament, and uses slip-links
to describe polymer entanglements. In this model slip-links are evenly randomly
distributed along the polymer contour in equilibrium. Though slip-link entanglements
are meant to represent topological interactions between polymers, each simulated
polymer is independent, and thus the slip-links serve as a way to simulate entangled
polymers without having to consider complicated inter-polymer interactions.
The simulation consists of two Monte Carlo moves: an arc-length shuﬄe move
which moves arc-length across a slip-link from one polymer strand to another, and
a slip-link create/destroy move. The slip-link create/destroy move is restricted to
creating and destroying slip-links in arc-length regions near the polymer ends. In
this study the choice is made to have these arc-length regions be twice the average
arc-length distance between entanglements, and such a choice means that the end
slip-links are usually located in the create/destroy accessible regions. Restricting
slip-link creation and destruction in this way makes the simulation model behave in
a manner similar to successful tube models of polymer entanglement, in which tube
segments are created and destroyed at polymer ends.
When applying a Monte Carlo move the decision of which of the two move types
to use is made probabilistically using a user defined move probability ratio. Simula-
tion convergence will occur regardless of the probability ratio (so long as both move
types are used with finite relative probability), but efficient convergence and dynam-
ics are found to occur in the simulated systems studied when the ratio of slip-link
create/destroy moves to arc length shuﬄe moves is on the order of 5/100. This is a
high enough fraction of slip-link create/destroy moves that the slip-links nearest to
the polymer ends can be thought of as always being in a state of equilibrium (they
are being quickly created and destroyed), and the observed dynamics at and above
this fraction are insensitive to the specific value used for the move type probability
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ratio.
The Monte Carlo moves are subject to acceptance probabilities that enforce de-
tailed balance in equilibrium. These acceptance probabilities ensure that the model
has the desired physically motivated equilibrium configuration probability distribu-
tion (Equation 4.4). This is verified by finding agreement between simulated physical
quantities and the associated model predictions.
The simulation produces well understood and physically realistic dynamics, as
verified through the pseudo-ring simulation performed to study polymer diffusion.
Long time polymer diffusion is governed by the reptation process. The simulation
also produces physically realistic rheology, as verified by comparing polymer stress
responses in different situations to the stress responses expected from experiment or
other well known polymer models. Long time polymer relaxation following a sharp
deformation is exponential with time as expected. The characteristic stress relaxation
times are near the reptation times predicted from polymer tube models, and follow the
expected scaling for a polymer simulation which includes contour length fluctuations
(tr ∝ Nα, α ≈ 3.4). This slip-link polymer simulation has realistic and reliable
physical properties, and is used as the basis for an extended simulation of polymer-
polymer interfaces described in subsequent chapters.
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Simulating Polymer-Polymer
Interfaces
In order to simulate polymers near a planar interface between immiscible polymer
melts the polymer-polymer interface is described by a self-consistently determined
chemical potential field ω(~r) conjugate to polymer contour length. With this self-
consistent chemical potential it is possible to calculate the modified polymer strand
statistical weights, which are then used in a Monte Carlo slip-link simulation to sam-
ple configurations in a way which takes the influence of the interface into account.
This chapter first describes the method of determining a self-consistent field descrip-
tion of a polymer-polymer interface. Discussion then moves on to describe how a
self-consistently determined chemical potential can be used to calculate Gaussian
polymer strand statistical weights (in this case strand Green functions). Finally, a
description is given for how the strand Green functions can be used in the Monte
Carlo slip-link simulation to calculate move acceptance probabilities such that the
simulated polymer is brought to equilibrium in the chemical potential field describing
the polymer-polymer interface.
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5.1 Self-Consistent Field Interface Description
In the self-consistent field description of a polymer-polymer interface the free energy
cost for having small polymer arc-length ∆N at position ~r is ∆Nω(~r). Here ω is a
chemical potential field that represents the interaction of one polymer species with
the other, and with incompressibility constraints. The chemical potential field is
calculated numerically using the polymer self-consistent field theory developed by
Flory and Huggins [48–50], Helfand and Tagami [51,52], and others. Because a planar
interface between polymer melts is being considered, the chemical potential field is a
function of only the direction perpendicular to the interfacial plane (y). The chemical
potential field ω(~r) used to describe the polymer-polymer interface is an expression
of the average free energy interactions acting on a polymer section at a given space
location, including both inter-species contact interactions and energy arising from
pressure in the polymer melt (the melt is considered to be incompressible).
In the Flory-Huggins description of free energy interactions between fluids the
interaction free energy cost ∆FA for a species A polymer section of arc-length ∆NA
to be in contact with species B polymers at position ~r is:
∆FA = ∆NAkBTχφB(~r) (5.1)
Here φB(~r) is the volume fraction occupied by species B polymers at position ~r;
volume fraction is the local species density divided by the total density which is
considered to be fixed (the melt is considered to be incompressible). ∆NA is assumed
short such that this small arc-length is located in a region about ~r where the species
volume composition is constant. χ is an interaction strength parameter describing
the degree of repulsion between the polymer species (large χ corresponds to a larger
free energy penalty and larger repulsion). It can be seen from Equation 5.1 that
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the chemical potential acting on a species A polymer due to interspecies repulsive
interactions is kBTχφB(~r). The parallel relation for ∆FB also holds.
The total chemical potential acting on the polymer contour will also include a
contribution from the pressure present in the polymer melt. Altogether the total
chemical potential acting on species A polymers ωA(~r) and the total chemical potential
on species B polymers ωB(~r) will be given by:
ωA(~r) = kBTχφB(~r) + η(~r) (5.2)
ωB(~r) = kBTχφA(~r) + η(~r)
In these equations η(~r) is the chemical potential arising from the pressure at position
~r, which is the same for both polymers. Because the melts are considered to be
incompressible the local polymer volume fractions must sum to unity:
φA(~r) + φB(~r) = 1 (5.3)
It is possible to determine the polymer volume fraction profiles φα(~r) from a given
chemical potential field using statistical weight functions calculated via a differen-
tial equation. The equations governing this process are presented below, and their
derivation is discussed later in this chapter.
φα(~r) =
1
Qα(N)
∫ N
0
qα(~r;Ns)qα(~r;N −Ns)dNs Qα(N) =
∫
d~r qα(~r;N) (5.4)
∂qα(~r;Ns)
∂Ns
=
(
b2
6
∇2 − ω(~r)
kBT
)
qα(~r;Ns) qα(~r; 0) = 1 (5.5)
Equations 5.4 and 5.5 arise from statistical considerations of a Gaussian filament in a
chemical potential field, and are explained subsequently. Equations 5.3, 5.3, 5.4, and
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5.5, together determine the volume fraction profiles φα(~r) and chemical potential fields
ωα(~r) (up to a constant) at a polymer-polymer interface. These equations may be
solved self-consistently via an iterative numerical calculation. In brief, this chemical
potential field is calculated numerically (after N , χ, and T have been specified) by
making a guess as to the equilibrium volume fraction profile for each polymer species,
and then iteratively adjusting these profiles until a “self-consistent” volume fraction
profile is reached. The self-consistent volume fraction profile describes the average
polymer spatial density at the chosen temperature for the chosen degree of polymer
repulsion (χ). Calculation of the self-consistent chemical potentials used in this work
was performed using a code named PSCF developed by Morse, Tyler, Ranjan, Qin,
and Thiagarajan, in the Department of Chemical Engineering and Materials Science
at the University of Minnesota. Further details regarding the numerical calculation
of self-consistent field quantities are given in Appendix B.
Examples of a calculated self-consistent chemical potential field and volume frac-
tion profile are shown below for a polymer melt existing between two planar interfaces
with an immiscible species polymer melt:
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Figure 5.1: A chemical potential field profile determined via self-consistent field theory. This
field is for a melt of species A polymers confined between two melts of species B polymers.
The field confines polymers into a melt region where the field is lower. Polymers of another
chemical species primarily occupy the high field region, and the field is the net result of
repulsive interactions between the polymer species, and pressure interactions. The two melt
species are considered symmetric (matching physical parameters) and incompressible. The
calculation is done using periodic boundary conditions to simulate repeating polymer melt
layers. This field was calculated for χ = 0.15, N = 80.
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Figure 5.2: A polymer melt volume fraction profile calculated via self-consistent field theory.
This volume fraction profile is for a melt of species A polymers confined between two melts of
species B polymers. The density profile represents many polymers of a particular chemical
species which are confined to a melt region by repulsive interactions with surrounding other-
species polymers. The net confining repulsive and pressure interactions are summarized in
the chemical potential field shown in Figure 5.1. In the central region the volume is nearly
entirely occupied by the polymer species here shown. In the regions to the left and right
where the volume fraction falls there is overlap between the two species polymer melts.
This density profile is produced by the self-consistently determined chemical potential field
shown in Figure 5.1 for a system with χ = 0.15, N = 80.
5.2 Simulation In a Chemical Potential Field
The energy landscape near the polymer-polymer interface is described by a chemi-
cal potential field, and this field is used in simulation to inform the motion of the
polymers. The chemical potential field alters the polymer configuration probability
distribution, and consequently also alters the Monte Carlo move acceptance proba-
bilities. Obtaining the physically correct Monte Carlo move acceptance probabilities
is possible by examining the influence of the chemical potential field on polymer con-
figuration probabilities. Specifically, the statistical weights associated with polymer
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strands between slip-links may be calculated in the presence of the self-consistent
chemical potential field describing the interface.
In the presence of a non-trivial chemical potential field the probability distribution
for the locations of the ends of a polymer strand is no longer Gaussian as in Equation
4.2. The behavior of the polymer within a chemical potential field may be analyzed by
considering an infinitesimal piece of polymer strand contour dn and the infinitesimal
free energy dF that this piece of strand contour has in-field:
dF =
3kBT
2b2
(
∂~rn
∂n
)2
dn+ ω(y)dn (5.6)
The first term in Equation 5.6 corresponds to the stretching energy of the infinitesimal
piece of Gaussian strand, while the second term corresponds to the free energy arising
from interaction with the chemical potential field. Integration of Equation 5.6 down
the total polymer contour length gives the energy of a Gaussian strand configuration
in a chemical potential field. This free energy may be used to generate a statistical
weight of any particular strand configuration. The statistical weight for a polymer
strand of arc-length Ns and ends located at ~r and ~r
′, but otherwise unconstrained, is
given by:
Ψ(~r, ~r ′;Ns) ≡
∫ ~rNs=~r ′
~r0=~r
δ~rn exp
[
− 3
2b2
∫ Ns
0
dn
(
∂~rn
∂n
)2
− 1
kBT
∫ Ns
0
dnω(~rn)
]
(5.7)
Here the integral with respect to δ~rn is over all possible strand configurations while
keeping the strand ends fixed. The probability density P (~r, ~r ′;Ns) for finding a
polymer strand of contour length Ns with ends located within infinitesimal regions
at ~r and ~r ′ is given by:
P (~r, ~r ′;Ns) =
Ψ(~r, ~r ′;Ns)∫
d~r
∫
d~r ′Ψ(~r, ~r ′;Ns)
(5.8)
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The simulation is altered so that in the presence of a chemical potential field it
correctly samples the configuration probabilities determined via the in-field strand
statistical weights. In such a case the probability factors associated with polymer
strands between slip-links are no longer simple Gaussian functions, but are instead
proportional to the in-field strand statistical weights. In the simulation the Gaus-
sian strand probability densities P (~r, ~r ′;Ns) or statistical weights Ψ(~r, ~r ′;Ns) are not
used directly, but instead use the strand Green functions G(~r, ~r ′;Ns). The Green
function G(~r, ~r ′;Ns) is proportional to the joint probability density P (~r, ~r ′;Ns), but
is differently normalized. The purpose of using the Green functions is that they may
be easily calculated via a differential equation, and they may easily be used to define
a new in-field polymer total configuration probability density in a consistent manner.
The Green function G(~r, ~r ′;Ns) is defined as:
G(~r, ~r ′;Ns) ≡ Ψ(~r, ~r
′;Ns)
Q(Ns)
(5.9)
Q(Ns) ≡
∫
d~r ′
∫ ~rNs=~r ′
~r0=~r
δ~rn exp
[
− 3
2b2
∫ Ns
0
dn
(
∂~rn
∂n
)2]
(5.10)
The Green function definition involves normalization by the functionQ(Ns) (Equation
5.10). It should be noted that Q(Ns) does not involve the chemical potential field,
and is independent of spatial position (because Q(Ns) does not involve the chemical
potential field all spatial positions are alike).
In the presence of a chemical potential field the entangled polymer model is mod-
ified such that the equilibrium polymer configuration probability density is changed
from Equation 4.4 to:
P (Z, {~ri}, {Ni}) = Jω
βZ+1
(
Z−1∏
i=1
G(~ri, ~ri+1;Ni)
)
q(~r1;N0)q(~rZ ;NZ) (5.11)
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Jω is a normalization constant. As can be seen, the product of simple Gaussian strand
end location probability densities in Equation 4.4 has been replaced in Equation 5.11
by the product of in-field polymer strand Green functions G(~ri, ~ri+1;Ni). The addi-
tional factors of q(~r1;N0) and q(~rZ ;NZ) are associated with the probability weights of
the dangling end strands which are only constrained at one point. q(~r;Ns) is defined
by:
q(~r;Ns) ≡
∫
d~r ′G(~r, ~r ′;Ns) =
Ψ(~r;Ns)
Q(Ns)
(5.12)
Ψ(~r;Ns) ≡
∫
d~r ′Ψ(~r, ~r ′;Ns) (5.13)
Previous to considering an external chemical potential field the configuration proba-
bility distribution in Equation 4.4 contained no factors associated with the polymer
end strands. This is because without a chemical potential field all space locations
are alike and it is equally likely to find one end of an otherwise unconstrained poly-
mer strand at any space location. This is not the case in the presence of a chemical
potential field, and so the q functions become necessary in Equation 5.11.
In the configuration distribution given in Equation 5.11 the Green functions
G(~r, ~r ′;Ns) are proportional to the strand statistical weights Ψ(~r, ~r ′;Ns) (Equation
5.7), and the q functions are proportional to the statistical weights for strands con-
strained at only one end Ψ(~r;Ns). Thus the relative equilibrium probabilities of
in-field polymer configurations are given by the ratios of the total in-field configura-
tion statistical weights. There might arise the worry that the Green and q function
definitions involve normalization by Q(Ns) (Equation 5.10), and this normalization
depends on the associated strand arc-length Ns. However, the Q functions have the
property Q(Ni)Q(Nj) = f(Ni + Nj). That is, the product of Q functions associ-
ated with polymer strands is a function depending on only the sum of the strand arc
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lengths, which means the normalization of the product of the Green and q functions
in Equation 5.11 depends only on the total polymer contour length and does not
depend on the specific {Ni} configuration. This property of the Q functions can be
seen from the definition in Equation 5.10, which results in Q(Ns) ∼ αNs , with α being
a constant.
Given the in-field configuration probability distribution in Equation 5.11 and its
properties the ratio of configuration probabilities for any two configurations Ωi and
Ωj is given by:
P (Ωi)
P (Ωj)
= βZj−Zi
Ψ(Ωi)
Ψ(Ωj)
(5.14)
Here Ψ(Ω) is the product of all statistical weights (Equation 5.7) associated with
the Green and q functions (Equations 5.9 and 5.12) for a particular configuration
probability in Equation 5.11.
The form of the in-field configuration distribution in Equation 5.11 preserves
the property that all equilibrium polymer strand arc-length configurations {Ni} are
equally probable; that is, the slip-links are evenly randomly distributed along the
polymer arc-length in equilibrium in a chemical potential field. To see this consider
the following valid Green function relationships:
G(~ri, ~ri+2;Ni +Ni+1) =
∫
d~ri+1G(~ri, ~ri+1;Ni)G(~ri+1, ~ri+2;Ni+1) (5.15)
q(~ri;Ni +Ni+1) =
∫
d~ri+1G(~ri, ~ri+1;Ni)q(~ri+1;Ni+1) (5.16)
∫
d~r q(~r;N1)q(~r;N2) = f(N1 +N2,V) (5.17)
The integral in Equation 5.15 removes a shared constraint between two doubly con-
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strained strands so that one longer strand is being considered. Equation 5.16 makes
an analogous statement when one of the strands involved is only singly constrained.
Equation 5.17 states that integrating the product of two singly constrained strand end
probability densities for strands that share a constraint gives a result that depends
only on the sum of the strand contour lengths and the volume of integration V ; this
integral is proportional to the probability that the polymer is found in the integrated
volume, and depending on normalization may be identically unity.
The relationships in Equations 5.15, 5.16, and 5.17 can be used when integrating
the full in-field configuration probability distribution (Equation 5.11) over the slip-
link positions {~ri}. It can be seen that such an integration gives an expression for
P (Z, {Ni}) that does not depend on the strand arc-length configuration {Ni}. This
means that in equilibrium in the chemical potential field all possible {Ni} configura-
tions for a given number of slip-links Z are equally probable, and the slip-links are
evenly randomly distributed along the polymer contour in this model.
5.3 Green Function Calculation
The Green function may be calculated via the equations:
∂G(~r, ~r ′;Ns)
∂Ns
=
b2
6
∇2 ′G(~r, ~r ′;Ns)− ω(y)
kBT
G(~r, ~r ′;Ns) (5.18)
G(~r, ~r ′; 0) = δ(~r − ~r ′) (5.19)
The explanation for how Equations 5.18 and 5.19 are valid for determining the Green
function is as follows (the method of derivation follows the route given in [36]).
Consider a Gaussian polymer of arc-length Ns in a chemical potential field. The
chemical potential field will influence the equilibrium conformation of the polymer;
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the free energy of any small section of the polymer arc-length dn will be given by
Equation 5.6, and the statistical weight for the collection of polymer configurations
with ends fixed at ~r and ~r ′ will be as given in Equation 5.7. The polymer Green
function G(~r, ~r ′;Ns) is defined by Equation 5.9.
Consider the construction of a Green function for a polymer with an arc-length
longer by small amount ∆N . Using the relation in Equation 5.15 this new Green
function may be expressed as:
G(~r, ~r ′;Ns + ∆N) =
∫
d~r ′′G(~r, ~r ′′;Ns)G(~r ′′, ~r ′; ∆N) (5.20)
∆N is considered very small in the sense that the free energy penalty for stretching a
polymer strand with length ∆N keeps the strand end separation distance small such
that the chemical potential is approximately constant over all significantly probable
end separation distances. In such a case G(~r ′, ~r ′′; ∆N) can be approximated by:
G(~r ′, ~r ′; ∆N) ≈ G0( ~Q; ∆N) exp
[
−ω(~r
′)∆N
kBT
]
(5.21)
Here G0 is the equilibrium strand end-to-end vector distribution (Equation 4.2), with
~Q ≡ ~r ′ − ~r ′′.
G(~r, ~r ′′;Ns) may be expressed as G(~r, ~r ′ − ~Q;Ns). Because ∆N is very small
G0( ~Q; ∆N) will be sharply peaked about ~Q = 0. This suggests G(~r, ~r
′ − ~Q;Ns) be
expanded in powers of ~Q:
G(~r, ~r ′ − ~Q;Ns) =
(
1−
∑
i
Qi
∂
∂r ′i
+
1
2
∑
i,j
QiQj
∂2
∂r ′i∂r
′
j
+ ...
)
G(~r, ~r ′;Ns) (5.22)
Here the subscripts i and j indicate directional components.
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Using Equations 5.21 and 5.22 the relation in Equation 5.20 can be rewritten as:
G(~r, ~r ′;Ns + ∆N) =
∫
d~QG0( ~Q; ∆N) exp
[
−ω(~r
′)∆N
kBT
]
·
(
1−
∑
i
Qi
∂
∂r ′i
+
1
2
∑
i,j
QiQj
∂2
∂r ′i∂r
′
j
+ ...
)
G(~r, ~r ′;Ns) (5.23)
Here the integral with respect to ~r ′′ has been changed to an integral with respect to
~Q using d~Q = −d~r ′′ (~r′ is taken as fixed). The sign of the total integral stays the
same as the change to d~Q reverses both the sign of the differential and the signs of
the integral limits (taking the limits to be very large compared to probable chain end
separation distances).
Because G0 is symmetric with respect to ~Q (Equation 4.2) when performing the
integral only the terms involving even powers of the ~Q components will be non-zero.
Performing the integral gives:
G(~r, ~r ′;Ns + ∆N) = exp
[
−ω(~r)∆N
kBT
](
∆N
b2
6
∇2 + ...
)
G(~r, ~r ′;Ns) (5.24)
Here the prime superscripts have been dropped as the expression is symmetric with
which respect to interchange of ~r and ~r ′ (though ω and the laplacian should be
evaluated with respect to the same vector).
Expanding G(~r, ~r ′;Ns+∆N) and the exponential in powers of ∆N and collecting
terms gives:(
1 + ∆N
∂
∂Ns
+ ...
)
G(~r, ~r ′;Ns) =
(
1 + ∆N
(
b2
6
∇2 − ω(~r)
kBT
)
+ ...
)
G(~r, ~r ′;Ns)
(5.25)
For the equality in Equation 5.25 to hold the terms with equivalent powers of ∆N must
be equal. Comparing the terms that are first order in ∆N results in the differential
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equation:
∂G(~r, ~r ′;Ns)
∂Ns
=
(
b2
6
∇2 − ω(~r)
kBT
)
G(~r, ~r ′;Ns) (5.26)
This differential equation for G is exact for a Gaussian strand in a chemical potential,
and not just approximate. Though the derivation involved a hypothetical extension
of arc-length by small amount ∆N this mechanism was just a conceptual device. An
imaginary extension of arbitrarily small arc-length ∆N is a valid conceptual situation,
and the derived differential equation is valid in general (for a Gaussian filament).
Equations 5.18 and 5.19 may be solved for G for a chosen set of boundary condi-
tions. Because a chemical potential field that is only a function of the y coordinate
is being considered, the solution for G in Equation 5.18 is separable:
G(~r, ~r ′;Ns) = Gx(x, x ′;Ns)Gy(y, y ′;Ns)Gz(z, z ′;Ns) (5.27)
A differential equation of the form of Equation 5.18 may be solved for each of the
dimensional components of G separately; when solving for the Gy the equation will
involve the chemical potential ω(y), but when solving for Gx and Gz the chemical
potential may be omitted as it is unchanging in x and z dimensions. Consequently,
when solving for Gx and Gz using continuum boundary conditions it is found that
both have the form of Gaussian functions of one dimension:
Gz(z, z
′;Ns) =
(
3
2piNsb2
)1/2
exp
[
−3(z − z
′)2
2Nsb2
]
(5.28)
The expression for Gx will be the same as in Equation 5.28 substituting x for z. From
Equation 5.28 it can be seen that in this specific case where the chemical potential
field is not a function of the x and z coordinates Gx and Gz will be equal to simple
Gaussians, and if the chemical potential field is not present or flat the entire Green
function will reduce to the Gaussian probability density G0 given in Equation 4.2.
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In the same way that the Green functions may be separated into multiplica-
tive dimensional components the q functions may be also be separated into dimen-
sional components. For example, considering the z directional component qz(z;Ns) =∫
dz ′Gz(z, z ′;Ns) = 1; it is found that qz = 1 since integrating Gz (Equation 5.28)
over all z results in a value of one. Similarly, it is found that qx = 1. For qy the
situation is different because the chemical potential field is non-trivial along the y
direction; qy is numerically determined from Gy using qy(y;Ns) =
∫
dy ′Gy(y, y ′;Ns).
Gy must be solved for numerically because the chemical potential field describ-
ing the polymer-polymer interface is a function of the y coordinate. A differential
equation of the form of Equation 5.18 is numerically solved for Gy using periodic
boundary conditions (the details of the solution method are given in Appendix B).
The resulting numerically determined Gy(y, y
′;Ns) is kept on a three dimensional grid
(the three dimensions being y, y ′, and Ns). Obtaining a value for Gy in simulation
for a particular set of y, y ′, and Ns, is done by trilinear interpolation on the Gy grid.
Similarly, the function qy(y;Ns) associated with the polymer end strands is obtained
numerically through integration of Gy. The function qy is stored on a two dimensional
grid (the dimensions being y and Ns), and qy values are obtained in simulation using
bilinear interpolation on the qy grid.
5.4 Configuration Sampling via Green Functions
The in-field configuration probability density involving the Green and q functions
(Equation 5.11) is enforced in simulation through the Monte Carlo move acceptance
probabilities. In the presence of a chemical potential field the Monte Carlo move
acceptance probabilities are altered, but the choice is made to use the same Monte
Carlo move proposal probabilities as in the zero chemical potential case. In the case
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of the arc length shuﬄe moves the probability distribution for the proposed amount
of arc to shuﬄe is the same as previously given in Equation 4.13, which once again
leads to the shuﬄe move acceptance probability ratio expression in Equation 4.16.
Evaluating this move acceptance probability ratio using the in-field configuration
probability density in Equation 5.11 for a shuﬄe move involving two interior strands
gives:
A(Ωj → Ωk)
A(Ωk → Ωj) =
G(~rm, ~rm+1;Nm −∆N)G(~rm+1, ~rm+2;Nm+1 + ∆N)
G(~rm, ~rm+1;Nm)G(~rm+1, ~rm+2;Nm+1)
(5.29)
Here G is the product of its dimensional components G = GxGyGz; the two dimen-
sional components Gx and Gz are evaluated analytically using Equation 5.28, while
the component Gy associated with the direction along which the chemical potential
field changes is evaluated numerically as previously discussed. Denoting the right
side of Equation 5.29 as λ this shuﬄe move acceptance probability ratio is enforced
in simulation through the Metropolis method by taking A(Ωj → Ωk) to be condi-
tionally equal to λ according to the rule given by Equation 4.19. The form of the
acceptance probability is symmetric under a reversal of which strand is losing and
which is gaining arc-length during the shuﬄe move. Consequently this acceptance
probability is correct for any shuﬄe move between interior strands taking m as the
index of the strand losing the arc length and m+ 1 as the strand gaining arc-length.
If instead of involving two interior strands the shuﬄe move is moving arc length
between an interior polymer strand and an end strand the move acceptance proba-
bility ratio is given by:
A(Ωj → Ωk)
A(Ωk → Ωj) =
G(~rm, ~rm+1;Nm −∆N)q(~rm+1;Nm+1 + ∆N)
G(~rm, ~rm+1;Nm)q(~rm+1;Nm+1)
(5.30)
Again denoting the right side of Equation 5.30 as λ this ratio is enforced by taking
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A(Ωj → Ωk) as given in Equation 4.19. Because of the symmetry involved this is the
correct acceptance probability for all shuﬄe moves involving an interior strand and
an end strand, where m is taken as the index of the interior strand and m+ 1 as the
index of the end strand. If the shuﬄe move is moving arc-length from the end strand
to the interior strand the sign of ∆N in Equation 5.30 will be negative.
The acceptance probability for slip-link create/destroy moves in the presence of
a chemical potential field may be determined in an analogous way. The slip-link
create/destroy moves are required to satisfy detailed balance in the presence of the
chemical potential field; using the detailed balance condition given in Equation 4.15 an
expression for the required ratio of move acceptance probabilities may be obtained.
The way slip-link creation or destruction move proposals are made in a chemical
potential field is unchanged from the zero chemical potential field case; the only
thing altered in a chemical potential field are the move acceptance probabilities.
Again Ωj and Ωk denote two configurations that are in every way identical except for
Ωj possessing one more slip-link than Ωk (Ωj has Z slip-links while Ωk has Z−1 slip-
links). The probability that configuration Ωj will experience a slip-link destruction
move proposal for the transition Ωj → Ωk is again given by R(Ωj → Ωk) as shown
in Equation 4.23. Similarly, the probability that configuration Ωk will experience a
slip-link creation move proposal for the transition Ωk → Ωj is given by R(Ωk → Ωj)
as shown in Equation 4.24. Detailed balance requires the move acceptance probability
ratio for these two Monte Carlo moves by given by the relation in Equation 4.26. Using
the transition proposal probabilities, and the in-field configuration probability density
give in Equation 5.11, the required move acceptance probability ratio becomes:
A(Ωj → Ωk)
A(Ωk → Ωj) =
β
NE∗
G0( ~QZ−1;NZ−1)q(~rZ−1;NZ−1 +NZ)
G(~rZ−1, ~rZ ;NZ−1)q(~rZ ;NE)
(5.31)
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G0( ~Qs;Ns) ≡
(
3
2piNsb2
)3/2
exp
[
− 3
~Qs
2Nsb2
]
(5.32)
Here G0 is the zero field analytic Green function as shown in Equation 5.32, and
~QZ−1 ≡ ~rZ −~rZ−1. NE∗ is again the available end-strand arc-length in which a newly
created slip-link may be placed, and is as given in Equation 4.25. Denoting the right
side of Equation 5.31 as κ, the required slip-link create/destroy move acceptance
probability ratio is enforced in the simulation through the Metropolis rule by the
acceptance probabilities:
A(Ωj → Ωk) =
κ if κ < 11 if κ ≥ 1 A(Ωk → Ωj) =

1
κ
if 1
κ
< 1
1 if 1
κ
≥ 1
(5.33)
The move acceptance probabilities given for shuﬄe moves (Equations 5.29 and
5.30) and for slip-link create/destroy moves (Equations 5.31, 5.32, and 5.33) enforce
detailed balance for a simulated polymer in equilibrium in the presence of a chemical
potential field. To verify this a histogram of the spatial positions of slip-links may
be checked. Because in this model the slip-links are expected to be evenly randomly
distributed along the polymer arc-length in equilibrium as previously discussed, the
slip-link space histogram profile is expected to be proportional to the arc-length vol-
ume fraction profile obtained from self-consistent field theory. The expected volume
fraction profile for each polymer species may be obtained from self-consistent field
theory using the relation:
φA(~r) =
1
Q(N)
∫ N
0
qA(~r;Ns)qA(~r;N −Ns)dNs (5.34)
The comparison between the slip-link locations and the self-consistent volume
fraction is shown below.
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Figure 5.3: Slip-link space position histogram compared to the predicted volume fraction
profile from self-consistent field theory. The dots are a histogram of slip-link positions along
the direction perpendicular to the planar interfaces (y). The red line is the volume fraction
profile expected from self-consistent field theory (fit to the height of the histogram). The
simulation was performed with χ = 0.15, N = 110, β = 3.125, spatial period = 43.16 b,
∆t = 2.56(10−5)te.
As can be seen in Figure 5.3 the histogram of slip-link locations for polymers
simulated between two polymer-polymer interfaces (represented by a self-consistently
determined chemical potential field) is found to track closely with the self-consistently
determined volume fraction φA as expected. The generalized Monte Carlo moves
employing the polymer strand Green functions correctly convey the influence of the
self-consistent chemical potential field representing a polymer-polymer interface.
When simulating polymers near a planar boundary identities are assigned to slip-
links such that some slip-links represent entanglements between the polymer melts.
That is, when simulating a polymer of species A every slip-link either represents
an entanglement of the species A polymer with another species A polymer, or an
entanglement of the species A polymer with a species B polymer. The assignment
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of slip-link identity is made probabilistically during slip-link creation based on the
local species volume fraction at the point of slip-link creation (species density is
determined from self-consistent field theory). The arc-length volume fractions of the
two polymer melts are at every point subject to the incompressibility requirement
φA(~r)+φB(~r) = 1. When a new slip-link is placed on a simulated species A polymer at
position ~r the probability that this slip-link will represent an interfacial entanglement
(an entanglement with a species B polymer) is equal to φB(~r) which is equivalent to
1− φA(~r).
Because slip-link identities are assigned probabilistically in the described manner
the spatial density of interfacial entanglements ρAB(~r) is expected to be proportional
to the product of the species volume fractions ρAB(~r) ∼ φA(~r)φB(~r). This can be
checked in simulation by comparing a histogram of the interfacial slip-link locations
to the product of the self-consistently determined polymer species arc-length densities.
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Figure 5.4: Histogram of the locations of interfacial entanglements along the direction
perpendicular to the planar interface (y). Interfacial entanglements are species B slip-
links present on simulated species A polymers. The line represents the self-consistent field
prediction for the interspecies volume fraction overlap product φA(y)φB(y) multiplied by a
constant to fit the height of the histogram. The simulation was performed with χ = 0.15,
N = 110, β = 3.125, spatial period = 43.16b, ∆t = 2.56(10−5)te.
As can be seen, the shape histogram of interfacial entanglement positions agrees
with the shape of the product of the self-consistently determined species densities
φA(y)φB(y), giving the expected profile for inter-melt polymer entanglements.
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Simulation of Interfacial Slip
6.1 Slip Simulation Method
In order to simulate interfacial slip at a planar boundary between two immiscible
polymer melts, polymers are first simulated in a chemical potential field designed to
describe a planar interface between immiscible polymer melts. The simulation model
considers two homopolymer melts of chemical species A and B, respectively, that have
a repulsive interaction described by the Flory-Huggins [48–50] interaction parameter
χ. The polymer melts are considered to be incompressible, and the system is of
fixed uniform arc-length density. Self-consistent field theory is used to solve for the
chemical potential field describing a planar interface between two such polymer melts
(the details of the self-consistent field theory calculation are given in Appendix B).
The polymer strand statistical weights in the chemical potential field are calculated,
in the form of Green functions, which are used to consistently govern Monte Carlo
move acceptance probabilities as described in the previous chapter. Slip-links are
assigned a polymer species identity probabilistically based on the local species volume
fraction calculated from self-consistent field theory, resulting in slip-links representing
interfacial entanglements being located in the melt interfacial regions as illustrated
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in Figure 5.4 of the previous chapter. Forces are transmitted by interspecies slip-
link entanglements at the interface. This simulation does not include Rouse-like
rubbing friction. Both melts are treated as being composed of polymers with the
same arc-length N , statistical segment length b, entanglement friction coefficient ζ,
and average number of entanglements Z (the same β parameter is used for both).
The entire system is treated as being at the same unchanging absolute temperature
T .
In order to simulate interfacial slip, interfacial slip-links are translated at a con-
stant velocity in the xˆ direction, parallel to the planar interface. This method of
simulation treats the interfacial deformation as a “perfect slip” deformation, by which
it is meant that all the polymers of one species are translating at constant velocity
relative to the polymers of the other species. In this perfect slip approximation strain
deformations of the polymer melts are ignored, and only the stress induced by perfect
slip at the polymer-polymer interface are considered. In simulation different interfa-
cial slip velocities are imposed, and the resulting steady state interfacial stresses σyx
are observed. From this data an interfacial stress / slip velocity relationship is con-
structed. The simulation is used to study the interfacial stress induced by constant
velocity perfect slip at a planar polymer-polymer interface.
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Figure 6.1: Simulated interfacial slip illustration. An A type polymer is simulated near a
planar interface between the A and B type polymer melts. The two melts are immiscible
with a positive χ interaction parameter. The interface is described through a self consis-
tently determined chemical potential ωA field which is shown in the lower half of the figure.
The simulated polymer will spend most of its time in the region where the chemical poten-
tial field is low, but will occasionally wander into the B rich region. In the B rich region
it may form a slip-link representing an entanglement with a B polymer. Interfacial slip is
simulated by translating all B type entanglements at a constant velocity (relative to the A
type entanglements) parallel to the planar interface.
6.2 Interfacial Slip Simulation Results
Simulations of interfacial slip were performed for different slip velocities, and for
polymers of different overall length. From these simulations it is possible to examine
the relationship between the interfacial slip velocity and the interfacial stress, as well
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as the effects of interfacial slip on the population of interfacial entanglements. When
the slip deformation is begun the system goes through a transition period before
settling into a steady state. A sample of the interfacial stress behavior following
onset of interfacial slip is shown below.
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Figure 6.2: Interfacial stress at an interface vs. time during the onset of interfacial slip. The
system goes through a transition period before settling into steady state behavior. Simu-
lation parameters: N = 50, β = 3.125, χ = 0.15, simulation timestep ∆t = 2.56(10−5)te.
Imposed interfacial slip velocity V = 5.79(10−4)Va.
As can be seen in Figure 6.2, the interfacial stress goes through a transition
period following the beginning of imposed interfacial slip before settling into a steady
state value. This study is primarily focused on the steady state stress response to
polymer-polymer interfacial slip, and the interfacial stress results presented below are
all obtained from systems that have settled into steady state behavior.
For all of the simulation results presented in this chapter the system spatial period
(the total yˆ direction thickness of both polymer layers) was 43.16b. All systems also
used a Flory-Huggins interaction parameter of χ = 0.15.
When reporting the results of interfacial slip simulations it is sometimes most
147
CHAPTER 6. INTERFACIAL SLIP
natural to express the interfacial slip velocity in units of V ∗ = a/trep (the characteristic
strand alignment slip velocity) or V ∗∗ = L/trep (the characteristic disentanglement
slip velocity). For each simulated melt the value of trep is determined by fitting a
function of the form A exp[−t/trep] to the long-time stress decay following a small
step strain as shown in Figure 4.13. In situations where both strand alignment and
interfacial disentanglement are being considered, or different length polymers are
being compared, the slip velocity is given in units of Va. The velocity Va is the
entanglement length a divided by the characteristic time for the polymer to diffuse
the entanglement distance te (Equation 4.29), and is the fundamental simulation
velocity scale.
Va ≡ a
te
=
kBTb
N
3/2
e ζs
(6.1)
The physical effects of interfacial slip in simulation are now examined. First,
the influence of interfacial slip on the arc-locations of interfacial entanglements is
examined via the following histogram:
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Figure 6.3: Histogram of interfacial slip-link locations along the polymer arc-length during
simulated interfacial slip. Higher slip velocities result in interfacial entanglements being
nearer to the polymer ends. In order from least to greatest the simulated slip velocities
are: 0.046V ∗∗, 0.092V ∗∗, 0.18V ∗∗, 0.37V ∗∗, 0.73V ∗∗, 1.48V ∗∗, 2.96V ∗∗, 5.92V ∗∗, 11.8V ∗∗.
Histograms are normalized such that with zero slip the entries would sum to 1. Simulation
parameters: N = 50, β = 3.125, χ = 0.15, simulation timestep ∆t = 2.56(10−5)te. Slip-link
creation / destruction happens in arc-length regions of length 2β = 6.25 near the polymer
ends.
As can be seen from Figure 6.3, interfacial slip tends to cause interfacial en-
tanglements to be located nearer to the polymer ends where slip-link creation and
destruction occurs. This effect increases with increasing slip velocity. The simulation
result displayed in Figure 6.3 shows an effect in agreement with prediction of the ana-
lytical model shown in Figure 3.5. The effect of the finite arc-length region of slip-link
creation and destruction in the simulation can be seen in the shape of the histogram
in Figure 6.3; in the end arc-length regions where slip-link creation and destruction
occurs (arc-length 2β = 6.25 near the polymer ends) the histogram shows a different
and more linear shape. The same value for the arc-length creation/destruction region
was used in all simulations presented here.
149
CHAPTER 6. INTERFACIAL SLIP
An additional effect in the simulation can cause interfacial entanglements to cluster
closer to the polymer ends. In self-consistent field theory the polymer ends tend to
enter the interfacial region more than the central polymer sections. Simply put,
this is due to the fact that central polymer regions entering the interface bring two
trailing polymer strands, while a polymer end entering the interface brings one trailing
polymer strand. Thus the energy penalty for a polymer end entering the interfacial
region is smaller than for a central polymer section entering the interfacial region (the
interfacial chemical potential field induces an energy penalty conjugate to polymer
arc-length). Consequently, in simulation the polymer end sections are expected to
spend more time in the interfacial region than the central polymer sections, and there
will be some clustering of interfacial entanglements near the polymer ends even when
no slip is present.
Also evident in Figure 6.3 is the fact that at higher slip velocities the total number
of interfacial entanglements decreases. To analyze this effect the average number of
interfacial entanglements remaining per polymer as a function of slip velocity was
studied, and this simulation data is shown below.
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Figure 6.4: Average fraction of interfacial entanglements ZI remaining (compared to the
zero slip value) vs. slip velocity V . Both axes in logarithmic scale. Different symbols
correspond to different polymer lengths, and the vertical lines indicate the expected char-
acteristic disentanglement velocities V ∗∗ ≡ L/trep: Circle: N = 50, V ∗∗ = 3.13(10−3)Va,
Square: N = 80, V ∗∗ = 1.04(10−3)Va, Diamond: N = 110, V ∗∗ = 4.87(10−4)Va. Simulation
parameters: β = 3.125, χ = 0.15, simulation timestep ∆t = 2.56(10−5)te.
In Figure 6.4 it can be seen that the fraction of interfacial entanglements remaining
(relative to the zero slip equilibrium value) decreases earlier with respect to slip
velocity for polymers of greater length. This is in qualitative agreement with the
prediction of the analytic model for interfacial slip. The interfacial slip model predicts
a characteristic disentanglement slip velocity V ∗∗ ∼ L/trep; above this slip velocity the
fraction of interfacial entanglements remaining is expected to be significantly reduced.
The scaling of the reptation time is roughly trep ∝ L3, with L being the polymer
primitive path length. This means V ∗∗ is expected to decrease with L approximately
according to V ∗∗ ∝ L−2. The calculated values for the V ∗∗ associated with each
simulated polymer length are shown by the vertical lines in Figure 6.4. In Figure
6.4 it can be seen that the V ∗∗ estimates are within a factor of 2 of the slip velocity
at which the number of interfacial entanglements is reduced to half of the zero slip
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equilibrium value for each polymer length. From this data it remains difficult to
assess whether the scaling of the characteristic disentanglement velocity with respect
to polymer length is precisely in agreement with the analytic theory, but it is correct
that longer polymers have lower characteristic interfacial disentanglement velocities,
and the V ∗∗ estimates from the analytic model appear accurate to within an order of
magnitude.
In the analytic model of interfacial slip it is expected that interfacial strands
will be primarily aligned in the direction of slip at slip velocities larger than the
characteristic slip velocity V ∗ ∼ a/trep. Here a is the entanglement distance, or the
average distance between entanglements in equilibrium. Consequently the analytic
model predicts that interfacial strand alignment will plateau above a slip velocity of
V ∗. Simulation data for interfacial strand alignment as a function of slip velocity is
shown below.
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Figure 6.5: Slip direction interfacial strand alignment vs. slip velocity V . Both axes
in logarithmic scale. Different symbols correspond to different polymer lengths, and the
vertical lines indicate the expected characteristic alignment slip velocities V ∗ = a/trep:
Circle: N = 50, V ∗ = 1.96(10−4)Va, Square: N = 80, V ∗ = 4.04(10−5)Va, Diamond:
N = 110, V ∗ = 1.38(10−5)Va. Simulation parameters: β = 3.125, χ = 0.15, simulation
timestep ∆t = 2.56(10−5)te.
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In Figure 6.5 the average cosine of the angle θx between interfacial strands and the
direction of slip (xˆ) is plotted as a function of slip velocity. For strands completely
aligned in the direction of slip this cosine value would be 1. The calculated values
of V ∗ for the different polymer lengths are indicated in the figure by vertical lines.
In the figure it can be seen that interfacial strand alignment does enter a plateau
region for slip velocities of order V ∗ or greater, however, the alignment plot has some
features not anticipated in the analytic theory of slip. In the previously developed
theory it was predicted that at slip velocities above V ∗ the interfacial strands would be
nearly aligned in the direction of slip. In Figure 6.5 total interfacial strand alignment
would be indicated by an average cosine value of 1. Instead it is found that the
〈cos θx〉 reaches a plateau value between 0.1 to 0.2. Additionally, after the onset
of the alignment plateau the alignment value actually shows a slow decrease with
increasing slip velocity. Upon further examination, it appears that both of these
effects are due to a significant presence of relatively newly formed slip-links, which
give strands random orientation, and dilute the total alignment value. The way that
the simulated polymers have their slip-links driven to the end regions of fast slip-link
creation and destruction at higher slip velocities increases the number of younger
slip-links present on the simulated polymers.
In the simulation the arc-length regions near the polymer ends are locations of
fast slip-link creation and destruction. In the data presented here these end regions
have arc-length equal to twice the average equilibrium arc length separation between
slip-links. The rates of slip-link creation and destruction in these end regions were
chosen to be high enough such that the simulation was insensitive to further in-
creases in the creation and destruction rate; slip-link creation and destruction hap-
pens quickly enough that the slip-links in the polymer end regions are always in a
state of equilibrium. Consequently, when slip-links representing interfacial entangle-
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ments are present in these end regions the interfacial strands associated with them
are randomly aligned. These randomly aligned interfacial strands tend to dilute the
measurement of the alignment quantity 〈cos θx〉. For large slip velocities the effect
of slip-induced polymer retraction tends to drive slip-links toward the polymer end
regions as illustrated in Figure 6.3, which increases the relative magnitude of the
effect.
By examining the interfacial strand alignment as a function of survived interfacial
slip it is possible to see that long-lived interfacial strands are aligned in the direction
of slip. By survived slip I mean the amount of slip ∆x which has occurred while
a strand with one interfacial slip-link has been in existence (without either of the
flanking interfacial slip-links being destroyed).
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Figure 6.6: Slip direction interfacial strand alignment vs. the slip distance ∆x. ∆x = V ts
where ts is the length of time since creation of the youngest slip-link flanking an interfa-
cially entangled strand. Simulation parameters: V = 1.16(10−3)Va, β = 3.125, χ = 0.15,
simulation timestep ∆t = 2.56(10−5)te.
Figure 6.6 shows strand alignment vs. survived slip ∆x = V ts (ts being the length
of time the youngest slip-link flanking an interfacial strand has existed). It can be
seen in this figure that the older strands which have survived more interfacial slip
154
CHAPTER 6. INTERFACIAL SLIP
become aligned in the direction of slip (θx is the angle between the polymer strand
and the direction of interfacial slip). This indicates that long-lived interfacial strands
do become aligned in the direction of slip, and the fact that the alignment plateau
value in Figure 6.5 is less than 1 is due to enough younger polymer strands being
present to dilute the plateau alignment value.
The analytic theory of stress induced interfacial slip predicts an onset of an interfa-
cial stress plateau at interfacial slip velocity V ∗. The theory predicts that slip-induced
interfacial stress increase is primarily due to the alignment of interfacially entangled
polymer strands, with strand tension being little altered from the thermal equilib-
rium tension. A stress decrease is expected for slip velocities on the order of V ∗∗ or
greater, due to slip-induced interfacial disentanglement occurring at these larger slip
velocities.
Below the interfacial stress is examined, and stress is plotted in units of the ex-
pected plateau stress σ∗yx = 6ρ0kBT/a (Equation 3.8). For each system the equilib-
rium number of interfacial entanglements per area ρ0 is determined from a zero slip
simulation.
When determining the stress component σyx the strand force in the slip direction
is given by fx = 3kBTQx/(Nsb
2) via Equation 4.1. The chemical potential field
describing the interface only varies in the direction perpendicular to the interface yˆ,
and consequently the strand force components parallel to the interface retain their
bulk form. More specifically, the strand free energy obeys Fs ∝ ln[GxGyGz], with the
G factors being components of the strand Green function; the strand Green functions
can be factored into separate dimensional components if the chemical potential field
depends on only one of the dimensions. The components Gx and Gy retain their bulk
equilibrium form, and similarly the force components fx = ∂Fs/∂x and fy = ∂Fs/∂y
are given by the bulk expression (Equation 4.1).
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A comparison of simulation interfacial stress results for polymers of different length
is shown below.
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Figure 6.7: Interfacial stress σyx vs. slip velocity V for three polymer lengths. Both
axes in logarithmic scale. Different symbols correspond to different polymer lengths, and
the vertical lines indicate the expected characteristic strand alignment slip velocity V ∗ =
a/trep, which is expected to mark the lower bound of an interfacial stress plateau with
respect to slip velocity. Circle: N = 50, V ∗ = 1.96(10−4)Va, V ∗∗ = 3.13(10−3)Va, Square:
N = 80, V ∗ = 4.04(10−5)Va, V ∗∗ = 1.04(10−3)Va, Diamond: N = 110, V ∗ = 1.38(10−5)Va,
V ∗∗ = 4.87(10−4)Va.
As can be seen in Figure 6.7, the simulated interfacial stress does plateau over
roughly the expected range of slip velocities. The vertical lines in the figure mark
the values of V ∗ for the different simulated polymer melts; V ∗ is the characteristic
slip velocity for the beginning of the expected interfacial stress plateau due to inter-
facial strand alignment. For the simulated polymer melts the stress plateaus begin
very near to V ∗ as shown, in agreement with the theory predictions. An interfacial
stress decrease occurs at slip velocities somewhat less than (but on the order of) the
expected characteristic disentanglement velocity V ∗∗. This stress decrease at lower
than expected slip velocities seems to be due to the presence of multiple interfa-
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cial entanglements per polymer, and is examined further below. The plateau stress
value is 0.1 to 0.2 the value expected from analytic theory, but a reduction of such
an amount is in approximate agreement with the reduction in the strand alignment
plateau value in Figure 6.5, which was previously discussed. The simulation does not
include Rouse-like rubbing friction, so no Rouse-stress regime is present.
In the developed theory of polymer-interfacial stress, the interfacial stress is gov-
erned primarily by alignment of interfacial strands, and the number of interfacial
strands remaining. From the previous arguments the interfacial stress is expected to
be proportional to the product of the interfacial strand alignment and the number
of interfacial entanglements remaining (Equation 3.45), and this can be checked by
comparing the simulation values for this product to the simulation stress.
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Figure 6.8: Interfacial stress σyx vs slip velocity V compared to the product of the av-
erage interfacial strand alignment and the fraction of interfacial entanglements remaining
〈cos θx〉〈ZI〉/〈ZI〉0. Quantities were measured in simulation. Square points are stress val-
ues, round points are alignment-entanglement product values. Both axes in logarithmic
scale. Simulation parameters: β = 3.125, χ = 0.15, simulation timestep ∆t = 2.56(10−5)te.
Figure 6.8 plots both the interfacial stress measured during simulated interfacial
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slip, and the product of interfacial strand alignment and the fraction of interfacial
slip-links remaining 〈cos θx〉〈ZI〉/〈ZI〉0. In the analytic theory the stress increase due
to increasing slip velocities is due to the increase in interfacial strand alignment, and
the stress decrease at high slip velocities is due to retraction induced interfacial disen-
tanglement. In all regimes the polymer strand tension is expected to be little changed
from the equilibrium tension. If the analytic theory is correct then the alignment-
entanglement product values in Figure 6.8 should equal the interfacial stress values
of σyx/σ
∗
yx plotted in the same figure. As can been seen in Figure 6.8 the product
of strand alignment and the number of interfacial entanglements does closely track
with the values of the interfacial stress (though with some discrepancy at low slip
velocities). This indicates that the interfacial stress is approximately proportional to
the alignment-entanglement product as expected, and that the simulated interfacial
stress is governed by the alignment of interfacial polymer strands, and the destruction
of interfacial entanglements, with interfacial strand tension having approximately the
equilibrium value.
A direct comparison between the analytic theory of interfacial stress, and the
stress obtained in simulation, is presented in the combination plot below.
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Figure 6.9: Interfacial stress vs. slip velocity, comparison of simulation data and analytic
theory. The line is the analytic theory, combining asymptotic solutions and interpolation
into a single line (see Figure 3.11). V ∗∗ = 25.6V ∗. Simulation parameters: N = 80,
β = 3.125, χ = 0.15, simulation timestep ∆t = 2.56(10−5)te.
In Figure 6.9 it can be seen that the plateau value of the interfacial stress is sig-
nificantly less in simulation than in the analytic theory. This seems to be due to
the low average alignment of interfacial strands in simulation (Figure 6.5), induced
by a larger number of young randomly aligned strands, as previously discussed. Ad-
ditionally, the onset of interfacial entanglement destruction appears to occur at a
lower slip velocity than in the analytic theory. However, these predictions of the
analytic theory assume that each interfacial polymer will have at most one interfa-
cial entanglement. Upon examining the simulation presented above, it is found that
interfacially entangled polymer had on average 3.6 total entanglements. Additional
interfacial entanglements per polymer increase the slip induced polymer retraction,
and decrease the slip velocity at which entanglement destruction begins to occur, as
discussed in section 3.3.2. It is likely that the presence of multiple interfacial entan-
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glements per polymer in simulation will tend to cause interfacial disentanglement to
occur at a lower slip velocity than predicted by the analytic theory, as anticipated in
the analysis of section 3.3.2.
More extensive data was gathered from simulation in order to determine if the
interfacial stress behavior and transition velocities were as predicted for polymers of
different length. A sampling of this larger data set is presented below.
6.3 Interfacial Slip Simulation Data
In this section data is presented for simulated polymer melts experiencing interfacial
slip. Simulations of three polymer lengths are examined over three orders of magni-
tude of interfacial slip velocities. For each polymer length simulation data for interfa-
cial stress, strand alignment, and interfacial entanglements remaining, are plotted as
functions of the interfacial slip velocity. Each plot contains vertical lines marking the
values of V ∗ and V ∗∗, the expected characteristic slip velocities of interfacial strand
alignment and interfacial entanglement destruction respectively.
For all systems the spatial period (the sum of the yˆ direction thickness of both
polymer melt layers) was 43.16b. A polymer having entanglements on both interfaces
(opposite interfaces, the system is periodic) was a rare event, and the fraction of
timesteps that a polymer had interfacial entanglements on both interfaces was: N =
50: 1.9(10−3), N = 80: 7.8(10−3), N = 110: 2.6(10−2). These fractions were sampled
in equilibrium.
6.3.1 Polymer Length: N=50
Polymers that were interfacially entangled had on average 2.92 interfacial entangle-
ments in equilibrium.
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Figure 6.10: Interfacial stress σyx vs slip velocity V . N = 50, Vertical lines correspond to
V ∗ = 1.96(10−4)Va, V ∗∗ = 3.13(10−3)Va. Simulation parameters: β = 3.125, χ = 0.15,
simulation timestep ∆t = 2.56(10−5)te.
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Figure 6.11: Average strand alignment 〈cos θx〉 vs slip velocity V . N = 50, Vertical lines
correspond to V ∗ = 1.96(10−4)Va, V ∗∗ = 3.13(10−3)Va. Simulation parameters: β = 3.125,
χ = 0.15, simulation timestep ∆t = 2.56(10−5)te.
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Figure 6.12: Average number of interfacial entanglements per polymer 〈ZI〉 vs slip veloc-
ity V . N = 50, Vertical lines correspond to V ∗ = 1.96(10−4)Va, V ∗∗ = 3.13(10−3)Va.
Simulation parameters: β = 3.125, χ = 0.15, simulation timestep ∆t = 2.56(10−5)te.
6.3.2 Polymer Length: N=80
Polymers that were interfacially entangled had on average 3.61 interfacial entangle-
ments in equilibrium.
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Figure 6.13: Interfacial stress σyx vs slip velocity V . N = 80, Vertical lines correspond to
V ∗ = 4.04(10−5)Va, V ∗∗ = 1.04(10−3)Va. Simulation parameters: β = 3.125, χ = 0.15,
simulation timestep ∆t = 2.56(10−5)te.
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Figure 6.14: Average strand alignment 〈cos θx〉 vs slip velocity V . N = 80, Vertical lines
correspond to V ∗ = 4.04(10−5)Va, V ∗∗ = 1.04(10−3)Va. Simulation parameters: β = 3.125,
χ = 0.15, simulation timestep ∆t = 2.56(10−5)te.
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Figure 6.15: Average number of interfacial entanglements per polymer 〈ZI〉 vs slip veloc-
ity V . N = 80, Vertical lines correspond to V ∗ = 4.04(10−5)Va, V ∗∗ = 1.04(10−3)Va.
Simulation parameters: β = 3.125, χ = 0.15, simulation timestep ∆t = 2.56(10−5)te.
6.3.3 Polymer Length: N=110
Polymers that were interfacially entangled had on average 4.29 interfacial entangle-
ments in equilibrium.
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Figure 6.16: Interfacial stress σyx vs slip velocity V . N = 110, Vertical lines correspond
toV ∗ = 1.38(10−5)Va, V ∗∗ = 4.87(10−4)Va. Simulation parameters: β = 3.125, χ = 0.15,
simulation timestep ∆t = 2.56(10−5)te.
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Figure 6.17: Average strand alignment 〈cos θx〉 vs slip velocity V . N = 110, Vertical lines
correspond toV ∗ = 1.38(10−5)Va, V ∗∗ = 4.87(10−4)Va. Simulation parameters: β = 3.125,
χ = 0.15, simulation timestep ∆t = 2.56(10−5)te.
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Figure 6.18: Average number of interfacial entanglements per polymer 〈ZI〉 vs slip veloc-
ity V . N = 110, Vertical lines correspond toV ∗ = 1.38(10−5)Va, V ∗∗ = 4.87(10−4)Va.
Simulation parameters: β = 3.125, χ = 0.15, simulation timestep ∆t = 2.56(10−5)te.
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6.4 Summary
A dynamic Monte Carlo simulation of polymer-polymer interfacial slip which used
a self-consistent field description of polymer-polymer interfaces was performed. The
simulation results were compared to the analytic theory of interfacial slip. An inter-
facial stress plateau was found to occur beginning at slip velocities of approximately
V ∗ = a/trep (the characteristic velocity of interfacial strand alignment) as expected.
Interfacial disentanglement was found to occur at larger slip velocities, with longer
polymers having higher lower disentanglement velocities, as expected. The disen-
tanglement slip velocities observed in simulation were somewhat reduced from the
predicted disentanglement slip velocity of V ∗∗ = L/trep. This effect may be due to in-
creased polymer retraction caused by multiple interfacial entanglements per polymer
in simulation. The characteristic strand alignment and interfacial disentanglement
behavior appeared to have approximately the predicted scaling dependence on poly-
mer length, as evidenced by V ∗ and V ∗∗ retaining their predictive significance for
simulated polymers of different length undergoing interfacial slip. The observed in-
terfacial stress plateau value was approximately 0.1 to 0.2 the predicted value of σ∗yx.
This reduced plateau stress seems to have been primarily due to the constant presence
of newly entangled polymer strands, which were randomly aligned, and diluted the
overall interfacial strand alignment. The product of interfacial strand alignment and
the fraction of interfacial entanglements remaining was found to track closely with
interfacial stress, when plotted in units of the plateau stress σ∗yz, as expected (Figure
6.8). This indicates that slip induced polymer-polymer interfacial stress between en-
tangled polymer melts was governed by interfacial strand alignment, and interfacial
entanglement destruction, with strands having approximately equilibrium tension, as
predicted by the analytic model of interfacial slip.
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Experimental Comparison
In order to examine the phenomenon of polymer-polymer interfacial slip some ex-
periments have been performed by different research groups. These experiments are
described below, with comparison to the model theoretical predictions when applica-
ble. A number of the experiments focused solely on verifying the presence of stress
induced interfacial slip between polymer melts, while others attempted to determine
a quantitative relationship between the interfacial stress and the slip velocity. Some
of the interfacial slip experiments were done with the goal of using polymer-polymer
interfacial slip to increase polymer melt extrusion rates (coating extrusion machine
parts in a secondary polymer substance to decrease interfacial friction). Such extru-
sion oriented experiments tended to focus on very high slip velocities, outside the
realm of application of the theory developed in this work. Currently there is little
experimental data regarding the polymer-polymer interfacial slip / stress relationship
in the slip velocity regimes this theory references.
Lam et al. [20] performed an experimental analysis of slip at an interface between
high density polyethylene (HDPE) and polystyrene (PS). Their experiments were
performed at a single applied shear strain rate to a pair of rectangular HDPE/PS
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melts pressed together (planar interface). The experiments used confocal microscopy
to track the motions of steel beads embedded in the melts. They found a velocity
discontinuity at the interface between the melts, indicating that slip between the
melts did occur. Their experiments resolved only a single interfacial slip velocity due
to the use of one applied strain rate.
Similarly, Zartman et al. [22] performed a series of experiments examining polymer-
polymer interfacial slip in which particles embedded in the melts were tracked. Their
experiments used two pairs of immiscible polymer melts (styrene butadiene rubber
and polyisoprene, and polydimethylsiloxane and polyisoprene) sharing a planar inter-
face, and tracked the melt velocity profiles during an imposed startup shear. Their
experiments found velocity discontinuities at the polymer-polymer interfaces, indicat-
ing slip. However, their experiments were primarily focused on determining polymer
melt velocity profiles, including the presence of slip, and how slip developed in time
during a startup shear deformation, rather than on the stress / slip velocity relation-
ship.
Yang and White performed an experiment on extrusion speeds of polyamide 12
(PA12) in which the walls of the capillary die extruder were coated with ethylene
butene copolymer (EBM) [167]. It was found that with the coating present extruder
speeds could be much increased compared to the non-coated case. The faster extrusion
speeds seemed to be due to easy slippage between the melts, and data was obtained
for the slip velocity as a function of interfacial stress. However, the experimenters
were interested in obtaining high extrusion speeds, and the slip velocities were many
orders of magnitude larger than the characteristic slip velocities in the theory of
entangled interfaces (theoretical characteristic velocities being generally less than 1
µ m/s, while this experiment studied slip velocities in the tens of mm/s).
Son performed an experiment in which he verified that the negative viscosity
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deviation (lower than expected total viscosity) of layers of layers of polypropylene
(PP) and polyamide 6 (PA6) is due to slip at the interfaces between the layers [168].
He verifies the existence of slip, but does not determine a detailed stress / slip velocity
relationship.
Komuro et al. studied slip at the interfaces between polystyrene (PS) and polypropy-
lene (PP) melts in a three layer flow experiment (one PS polymer melt being pushed
through the gap between two fixed PP polymer melts, and vice versa). They verified
the existence of slip between the polymer melts, and obtain interfacial stress / slip
velocity relationships, but for slip velocities much higher than those referenced by the
theory in this work (their experiment focused on slip velocities larger than 1 mm/s).
Recently, the Macosko group at the University of Minnesota, and collaborators,
have performed some slip / stress experiments on planar layers of immiscible polymer
melts. These experiments include data for the interfacial slip velocities at different
applied stresses, and thus currently provide the best data for comparison to the
theory developed in this work. However, the experiments are technically difficult,
with different behavior being observed in different velocity regimes and for different
polymer species pairs. Most of the experiments performed so far have been able to
resolve only slip velocities much higher than the characteristic slip velocities predicted
by the theory developed here, at which it is expected that the interfaces will not be
entangled. A unifying picture of the experimental interfacial slip / stress relationship
has not yet emerged.
Zhao and Macosko performed a series of slip experiments on co-extruded polymer
melt layers [19]. In the experiments polymer melts composed of alternating layers
of immiscible polymer species were subjected to rheological measurements in both a
pressure driven slit rheometer, and a parallel plate rheometer. Pressure drop measure-
ments in the slit rheometer, and stress measurements in the parallel plate rheometer,
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were used to determine slip velocity values at the interfaces between the immiscible
polymer species. In these experiments the primary polymer-polymer interface stud-
ied was between melts of polypropylene (PP) and polystyrene (PS). These melts are
highly immiscible, with the interfacial width w = 2.4 nm being less than the average
entanglement distance a = 6.8 nm. Consequently it is thought that the interfacial
region between the melts was not strongly entangled, and for this reason this ex-
periment might not be suitable for comparison to the theory developed in this work
(the theory focuses on stress transmitted by interfacial entanglements). Nevertheless,
some of the interfacial slip velocities sampled in these experiments fall within the
range of the theory, and the data is reproduced below.
Figure 7.1: Experimental data obtained by Zhao and Macosko [19] for interfacial slip velocity
(µm/s) vs. interfacial stress (Pa). Reprinted with permission from Journal of Rheology,
46(1):145-167, 2001. Copyright 2001, The Society of Rheology. Both axes in logarithmic
scale. Solid line data obtained via pressure drop measurements, point data obtained via
stress measurements on parallel plates [19]. The experiment was performed by Zhao and
Macosko in the Department of Chemical Engineering and Materials Science at the University
of Minnesota, using planar layers of polypropylene and polystyrene subject to a tangential
stress provided by the mechanical action of a metallic plate.
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Table 7.1: Polypropylene / Polystyrene Melt Parameters from Zhao and Macosko
Species η0(kPa s) G
(0)
N (kPa) a(nm) L(nm) trep(s) V
∗(mm/s) V ∗∗(mm/s)
PP 8.1 430 6.8 73.2 0.0229 2.97E−4 3.20E−3
PS 7.2 150 6.8 52.3 0.0584 1.17E−4 8.96E−4
The shown entanglement lengths (a) and path lengths (L) for PP and PS are from
parameters given by Macosko et al. [17,19]. The reptation times are calculated from
the viscosity η0 and plateau modulus G
(0)
N given by Macosko et al. [17,19] and shown
above, using the relation trep = 12η0/(pi
2G
(0)
N ) [36]. The theory developed in this work
predicts an interfacial stress plateau between the characteristic slip velocities V ∗ and
V ∗∗. As can be seen in the results of Zhao and Macosko, an increase in the scaling
of the interfacial slip velocity with the interfacial stress is found, though the not a
strict plateau. The velocity region of steep dependence is wider than the theoretical
velocity region expected for a stress plateau. Because the melts are thought to be
weakly entangled it is not clear if the theory for entangled polymer-polymer interfaces
is applicable. One indicator that the interface is not significantly entangled in the
sampled regime is the fact that the interfacial stress values fall between 1 and 10
kPa, which is orders of magnitude less than the plateau modulus values G
(0)
N for both
melts; if the interface was significantly entangled in this regime an interfacial stress
closer to the plateau modulus would be expected.
In the experiments performed by Lee, Park, Morse, and Macosko [17] slip at
interfaces between polypropylene (PP) and polystyrene (PS) melts, as well as between
polyethylene (PE) and fluoropolymer (FP) melts, was studied. In the experiments
some data indicate a regime in which the slip velocity quickly increases with interfacial
stress (a somewhat plateau-like regime), however, the interfacial slip velocities studied
in these experiments are multiple orders of magnitude above the characteristic slip
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velocities predicted by the theory developed in this work. Lee et al. state that the
methods used in these experiments cannot resolve slip velocities below 1µ m / s [17],
consequently the slip behavior observed in these experiments is in an entirely different
slip velocity regime than is applicable to the developed theory, and the theory would
predict that at such high slip velocities the interfaces are not significantly entangled.
Additionally, these systems are again highly immiscible, meaning that few interfacial
entanglements would be expected even at lower slip velocities.
Park, Lee, and Macosko [18] performed a series of experiments similar to Lee, Park,
Morse, and Macosko [17], but used a combination of visualization and stress reduction
to determine interfacial slip, and focused exclusively on interfaces between polyethy-
lene (PE) and fluoropolymer (FP). These experiments obtained similar results to Lee,
Park, Morse, and Macosko, and were likewise focused on high slip velocity regimes
(greater than 1µ m/s), outside the realm of applicability of the developed theory.
Zhang, Lodge, and Macosko, studied how interfacial slip affects adhesion be-
tween polymer layers [11]. In their experiment layers of polystyrene and poly methyl
methacrylate were subjected to tangential stress forces, and then their adhesion (the
force required to pry them apart) was measured. For large enough applied tangential
stress forces they find a reduction in adhesion between the layers. Pressure mea-
surements indicate slip between the layers during the application of tangential stress,
and they interpret the adhesion reduction as being due to slip induced interfacial
disentanglement.
Recently, some experimental data (not yet published) for the interfacial stress /
slip velocity relationship partially in the regime applicable to the theory has been ob-
tained by Heon E. Park at McGill University in collaboration with the Macosko group
at the University of Minnesota. The data obtained is for slip at an interface between
polybutadiene (PB) and polystyrene (PS) melts, and the experimental method used
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was similar to the stress reduction method of Park, Lee, and Macosko [18] in which
stress measurements in a parallel plate rheometer were used to determine interfacial
slip velocities between polymer species layers. For this polymer pair the interfacial
width and average entanglement distance are roughly equal w/a ≈ 1, resulting in the
possibility of larger interfacial entanglement than some of the previous polymer species
pairs. Interestingly, the data indicate the presence an interfacial stress plateau over
a range of interfacial slip velocities. As a stress plateau is a qualitative phenomenon
expected in the theory of polymer-polymer interfacial slip, the experimental data is
here more closely examined.
Below is a plot of stress vs. interfacial slip velocity data obtained through a series
of experiments by Lee.
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Figure 7.2: Experimental data for interfacial stress (kPa) vs. interfacial slip velocity
(mm/s). Both axes in logarithmic scale. The experiment was performed by Heon E. Park at
McGill University in collaboration with the Macosko group at the University of Minnesota,
and the data is reproduced with their permission. The experiment used planar layers of
polystyrene and polybutadiene subject to a tangential stress provided by the mechanical
action of a metallic plate.
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Table 7.2: Polybutadiene / Polystyrene Melt Parameters from Park
Species η0(kPa s) G
(0)
N (kPa) a(nm) L(nm) trep(s) V
∗(mm/s) V ∗∗(mm/s)
PB 44.19 1100 4.1 506.4 0.049 8.4E−5 1.0E−2
PS 33.25 208 8.52 50.41 0.194 4.4E−5 2.6E−4
In this table the viscosity η0 and the plateau modulus G
(0)
N were determined via
rheological measurements, and the reptation times trep were calculated using the
relation trep = 12η0/(pi
2G
(0)
N ) [36].
The stress / slip velocity data in Figure 7.2 does show the stress entering a plateau
region, in qualitative agreement with what is expected in the theory of interfacial slip
of entangled polymer-polymer interfaces. However, when comparing the slip velocity
at which the stress plateau begins (≈ 1 mm/s) to the characteristic slip velocities V ∗
and V ∗∗ listed in the table, it is found that the stress plateau begins at a slip velocity
nearly two orders of magnitude above the largest characteristic disentanglement slip
velocity V ∗∗ (1.0(10−2)mm/s, PB). The characteristic disentanglement velocity V ∗∗ is
the velocity at which the model would predict that the stress plateau would be ending
due to interfacial entanglement depletion; the model predicts that the stress plateau
would begin at the characteristic alignment velocity V ∗, but in the experimental data
the characteristic alignment velocities are V ∗ are four to five orders of magnitude
smaller that the interfacial slip velocity at which the stress plateau begins.
Because of the disagreement in the velocity scale for the onset of the interfacial
stress plateau, the interfacial slip model indicates that the stress plateau phenomenon
observed in the experimental data is not the result of any classical entanglement
phenomenon (one in which reptation is the key mechanism). The analytic model
strongly indicates that at the experimentally sampled slip velocities the polymer-
polymer interfaces are disentangled (in the classical sense). Perhaps the simplest
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argument for this conclusion is the following dimensional argument:
Phenomena resulting from classical entanglement are governed by the character-
istic timescale of the reptation time (by definition). The reptation times for these
polymer melts are listed in the table above. In this physical system there are only
a few characteristic length scales, including the entanglement distance a, the inter-
facial width w, and the polymer primitive path length L. Using these characteristic
length scales in conjunction with the reptation time, the largest constructable char-
acteristic velocity is V ∗∗ ≡ L/trep, which remains two orders of magnitude below the
observed stress plateau slip velocity. The characteristic strand alignment slip velocity
V ∗ ≡ a/trep is four orders of magnitude below the stress plateau interfacial slip veloc-
ity. It is extremely difficult to impossible to see how any model based on reptation
could bridge these velocity differences and predict a stress transition slip velocity at
the observed value. For this reason I conclude that the interfacial stress plateau ob-
served in experiment is not governed by polymer reptation, and at the measured slip
velocities the interface is not classically entangled.
There is another possibility for the origin of the stress plateau in Park’s interfacial
slip / stress data. The of velocity of the onset of the interfacial stress plateau is
somewhat closer to the average entanglement distance a divided by the entanglement
length Rouse time V ∗R = a/taR for the PS melt (which has the lower of the two V
∗
R
values). The entanglement length Rouse time is the time an unentangled polymer
section of path length a (or monomer count Ne) would take to equilibrate, and is
related to the reptation time by taR = (a/L)
3trep/3 [36]. For the PS melt V
∗
R = 0.03
mm/s. V ∗R is the characteristic slip velocity at which unentangled polymers sections of
arc-length equal to the entanglement length would become significantly aligned in the
direction of slip. Thus, it is possible that an orientation transition of unentangled PS
polymer subsections near the interface takes place at slip velocity V ∗R, and that this
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orientational transition leads to a non-linearity in the stress response. These polymer
subsections would be unentangled in the classical sense, so as to directionally relax via
unentangled diffusion (Rouse-like motion), though they might still have limited local
topological interactions (loop-level non-passing interactions) with the surrounding
polymers. This is a hypothesis that remains to be further tested. If such a process
does lead to a non-linearity it would need to be determined if two such orientational
transitions occurred when the two melts had different values of V ∗R, and how this
would manifest in the stress response.
In total, the experimental picture of polymer-polymer interfacial slip remains
rather murky. Though experiments have verified the occurrence of interfacial slip,
most of the experiments performed thus far which attempted to determine a relation-
ship between the interfacial stress and slip velocity have sampled slip velocities much
larger than the characteristic slip velocities of the theory that has been developed
here. The theory predicts that at such high slip velocities the interface between the
polymer melts would be primarily unentangled (in the classical sense), and that the in-
terfacial stress would be the result of Rouse-like rubbing friction, or other sub-section
topological interactions. The experimental difficulty in accessing lower interfacial slip
velocities for entangled polymer melts means that it is not currently possible to gain a
more thorough experimental comparison of the developed theory of polymer-polymer
interfacial slip.
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Summary and Conclusions
In this work a theoretical examination of slip at entangled interfaces between immis-
cible polymer melts was made. This was accomplished by developing a mathematical
theory of polymer-polymer interfacial slip, and by constructing a computer simula-
tion of interfacial slip at polymer-polymer interfaces. The mathematical theory of
interfacial slip made predictions regarding the relationship between the interfacial
stress and the interfacial slip velocity. The predictions of the mathematical theory
were compared to the computer simulation results, as well as to experimental data.
In both the mathematical theory and the simulation the situation considered was
that of “perfect” slip (constant velocity translation) at a planar interface between two
immiscible polymer melts having identical physical parameters (identical polymer
lengths, average distance between entanglements, etc.). The main focus of both
analyses was to determine the relationship between the interfacial stress and the
interfacial slip velocity, and the mechanisms affecting this relationship.
The mathematical theory of polymer-polymer interfacial slip predicts character-
istic interfacial slip velocities at which the interfacial slip-stress relationship quali-
tatively changes. The characteristic slip velocity V ∗ = a/trep is the slip velocity at
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which it is predicted that interfacially entangled polymer strands become primarily
aligned in the slip direction (here a is the average distance between entanglements,
and trep is the reptation time). The characteristic slip velocity V
∗∗ = L/trep is the
slip velocity at which it is predicted the polymer-polymer interface becomes signifi-
cantly disentangled (L being the total polymer primitive path length). Both of these
characteristic slip velocities are governed by the reptation time trep ∼ ζL3/(kBT ),
which is the time needed for an entangled polymer to equilibrate. Taking the length
dependence of the reptation time into account, these characteristic slip velocities have
different scaling with respect to polymer length, with V ∗ ∝ a/L3 and V ∗∗ ∝ 1/L2.
For strongly entangled polymers with the average entanglement distance much less
than the total polymer path length (a  L), V ∗ and V ∗∗ will be widely separated
with V ∗  V ∗∗.
In the developed mathematical theory of interfacial slip, interfacial stress is af-
fected by the number of interfacially entangled polymer strands, the tension in the in-
terfacially entangled strands, and the alignment of the interfacially entangled strands.
Additionally, a Rouse-like rubbing friction contribution to interfacial stress is consid-
ered to be present. By modeling interfacial entanglements as slip-links it was possible
to make a stochastic / mechanical analysis of the population of interfacial entangle-
ments, and the interfacial stress transmitted by interfacial entanglements at different
slip velocity scales. The results of this analysis indicate that during slip the inter-
facial strand tension is never significantly perturbed from the thermal equilibrium
strand tension τ0 = 3kBT/a. As a result, changes in the interfacial stress transmitted
by entanglements are primarily governed by the slip-induced alignment of interfacial
strands having approximately equilibrium tension, and the destruction of interfacial
entanglements due to slip-induced polymer retraction.
For low slip velocities (V < V ∗) interfacial stress is expected to increase with
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increasing slip velocity as larger slip velocity causes the interfacial strands to be more
aligned in the direction of slip. For slip velocities above V ∗ the interfacial strands
are expected to be nearly aligned in the direction of slip, and thus further stress in-
crease due to strand alignment is impossible. At slip velocities above V ∗∗ slip-induced
polymer retraction is expected to result in significant interfacial disentanglement, and
consequently a reduction in interfacial stress due to interfacial entanglement loss is
expected for slip velocities larger than V ∗∗. A stress plateau is expected for interfa-
cial slip velocities between V ∗ and V ∗∗; in this regime interfacial strands are expected
to be nearly aligned in the direction of slip, but slip-induced polymer retraction is
not yet expected to result in a significant reduction in the number of interfacial en-
tanglements from the equilibrium number. The contribution of Rouse-like rubbing
friction to interfacial stress is expected to become dominant only for slip velocities
significantly larger than V ∗∗ where the interface has become disentangled. The entire
interfacial slip-stress relationship as predicted by the mathematical theory is shown
in Figure 3.11.
To test the predictions of the mathematical theory of interfacial slip a computa-
tional simulation of polymer-polymer interfacial slip was constructed. The simulation
used a dynamic Monte Carlo algorithm, and a description of polymer entanglements
as slip-links (based on the model of Schieber et al. [145–157]) to simulate entangled
polymers. This simulation used physically motivated move transition probabilities,
and successfully reproduced certain realistic dynamics and rheological responses as
outlined in Chapter 4. To simulate polymer-polymer interfaces a self-consistent field
description of the interface was used, in which the average free energy interactions near
a polymer-polymer interface are expressed as a self-consistently determined chemi-
cal potential. The simulated polymers were informed of the chemical potential field
through polymer strand Green functions (statistical weights) that were numerically
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calculated within the chemical potential field. This is the first instance (to my knowl-
edge) of a slip-link polymer simulation using a self-consistent field to influence polymer
behavior. The simulation exhibited the slip-link spatial profiles that were expected
within the chemical potential field, indicating the in-field simulation functioned as
expected.
To simulate interfacial slip, slip-links were assigned species identities based on
spatial position so that they represented either like-species or other-species entan-
glements (identities were assigned probabilistically based on the local species volume
fraction at the point of slip-link creation). Other-species entanglements were more
likely to be formed at the interface, and represented entanglements between the poly-
mer melts. To simulate interfacial slip the slip-links of one species were translated
parallel to the interface at constant velocity relative to the slip-links of the other
species. The steady state stress response at the interface was observed as a function
of slip velocity.
For low slip velocities the simulated interfacial stress increased with slip velocity,
until a plateau was reached at a slip velocity of approximately V ∗ as expected. Sim-
ulation data for the interfacial strand alignment showed that there was an alignment
transition at this slip velocity (the alignment plateaus). A stress plateau region was
then observed in the simulation data, until a stress decrease begins at high slip veloc-
ities, which is caused by interfacial disentanglement (indicated by a reduction in the
number of interfacial entanglements in simulation). The stress decrease in simulation
happened at a slip velocity somewhat lower than, but on the order of, the predicted
slip velocity of V ∗∗. This decrease at lower slip velocity may be due to increased poly-
mer retraction caused by multiple interfacial entanglements per polymer. Perhaps the
best comparison between the predicted stress response and the simulated is in Figure
6.8 in Chapter 6. In this figure a comparison of the product of strand alignment
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and number of slip-links remaining (multiplied by a fit constant) is compared to the
interfacial stress as a function of slip velocity. The mathematical theory of interfacial
slip predicts that the interfacial stress will be proportional to this product, and this
prediction is born out in simulation by the agreement of the data in this figure.
A comparison to experimental data of interfacial slip stress response was addi-
tionally made. There is little experimental data for polymer-polymer interfacial slip
/ stress relationships in the velocity regime of this theory. The recent data obtained
by Heon Park shows some indication of a stress plateau, as qualitatively expected,
but the plateau occurs at an interfacial slip velocity much larger than those treated in
this theory of interfacial slip. For this reason it is concluded that the experimentally
observed behavior is due to another phenomenon outside the range of this theory. It
is possible that the stress plateau observed by Park is due to an alignment transi-
tion of unentangled polymer subsections, but this hypothesis remains to be tested.
This theory predicts that a stress plateau at lower slip velocities exists, and if these
lower slip velocity ranges for entangled polymer-polymer interfaces ever become more
experimentally accessible this prediction can be further tested.
In conclusion, the developed theory of interfacial slip at entangled polymer-polymer
interfaces predicts that interfacially entangled strands become nearly aligned at slip
velocities above V ∗, and that the interface becomes disentangled at slip velocities
above V ∗∗. Interfacial stress is predicted to be governed primarily by interfacial
strand alignment, and the number of interfacial entanglements remaining (polymer
strand tension is expected to be little altered from its thermal equilibrium value).
Consequently, a stress plateau is expected for interfacial slip velocities between V ∗
and V ∗∗. The constructed simulation of interfacial slip supports these predictions,
exhibiting a stress plateau over approximately the slip velocities predicted, and in-
dicating that interfacial stress is governed primarily by interfacial strand alignment
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and the number of existing interfacial entanglements. Though experiments on this
topic have been performed, none have yet sampled the slip velocity regimes relevant
to these predictions for entangled polymer-polymer interfaces.
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Appendix A
Doi-Edwards Polymer Tube
Theory
In this section the tube theory of polymer dynamics developed by Doi and Edwards is
briefly outlined with emphasis on the portions relevant to this work. The derivations
given below follow those in [36].
A polymer residing in a melt has its motion restricted by the surrounding polymers
such that motion along its length is possible but transverse motion is nearly impos-
sible. The polymer can be considered to reside in a tube. As the polymer diffuses it
will vacate portions of the tube, after which the vacated portions are considered to
randomize their orientation. Considering the tube from some chosen beginning time
denoted as t = 0, the fraction of the “original” tube remaining as time progresses can
be analyzed.
The total length of the original tube is the polymer primitive path length L.
Let Ψ(α, t; s) be the probability that the polymer chain has diffused distance α in
time t while the chain ends have not yet reached segment s of the original tube (the
“original” tube is a tube running along the entire polymer length at time t = 0). This
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probability satisfies the one dimensional diffusion equation:
∂Ψ
∂t
= D
∂2Ψ
∂α2
(A.1)
Here D is the diffusion coefficient for total polymer diffusion along its length (rep-
tation). The polymer is subject to friction proportional to its primitive path length,
and the Einstein diffusion relation [35] gives the diffusion coefficient as:
D =
kBT
ζL
(A.2)
Here T is the absolute temperature, kB is Boltzmann’s constant, and ζ is the friction
coefficient conjugate to primitive path length L.
By construction at t = 0 all of the original tube will be in existence, and so Ψ is
subject to the initial condition:
Ψ(α, 0; s) = δ(α) (A.3)
When the diffused distance α is s or s− L then one end of the chain has reached
the tube segment at s. Consequently Ψ is subject to the boundary conditions:
Ψ(s, t; s) = 0 Ψ(s− L, t; s) = 0 (A.4)
With these initial and boundary conditions it is possible to solve for Ψ giving the
result:
Ψ(α, t; s) =
∞∑
p=1
2
L
sin
(ppis
L
)
sin
(
ppi(s− α)
L
)
exp
[−p2t/td] (A.5)
td =
L2
Dpi2
=
L3ζ
pi2kBT
(A.6)
It can be seen that Ψ in this model has the form of a series sine terms in the space
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of polymer length, each multiplied by an exponential which decays with time. The
most slowly decaying term has characteristic decay time td as shown in equation A.6.
Consequently td is the characteristic time for the polymer to have vacated all of its
original tube constraints, and is thus the reptation time for this model. As expected
from the fundamental reptation description given in Chapter 1 the reptation time is
proportional to L3ζ/(kBT ). The factor of pi
−2 in the reptation time for this model
is the result of the specific way the tube-like constraints have been mathematically
described, and different models will have different numerical prefactors depending on
the specific modeling choices made.
From the result obtained for Ψ it is possible to consider the probability that the
tube segment at position s will still remain (will not have been reached by one of the
polymer ends and had its orientation randomized) at time t. Denoting the probability
that the tube segment at position s will remain at time t by ψ(s, t), it is given by:
ψ(s, t) =
∫ s
s−L
dαΨ(α, t; s) (A.7)
ψ(s, t) =
∑
p; odd
4
ppi
sin
(ppis
L
)
exp
[−p2t/td] (A.8)
Now considering the total fraction of the original tube remaining at time t, and
denoting this as ψ(t), this is found to be:
ψ(t) =
1
L
∫ L
0
dsψ(s, t) =
∑
p; odd
8
p2pi2
exp
[−p2t/td] (A.9)
Small sudden deformations of a polymer melt induce small amounts of stress; in
such a case a “proportional decay” physical prediction / approximation is made that
the induced stress will decay in a manner proportional to the decay of the original
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tube remaining from the time of the induced stress.
σij(t) = σij(0)ψ(t) (A.10)
Here σij(0) is the stress induced by a small sudden (instantaneous) deformation at
time t = 0, and ψ(t) is the fraction of the original tube (from time t = 0) which
remains at time t (the fractional tube survival probability from Equation A.9). This
physical prediction states that the fraction of polymer melt stress remaining following
a small sudden deformation is equal to the average fraction of the original polymer
tube constraints remaining from the time of deformation. The melt is considered to
be composed of many polymers so that the total melt stress will be a macroscopic
average of all the individual polymer stress contributions. Physical motivation for
the proportional decay prediction is sometimes made by arguing that it is physically
realistic that each small section of the deformed polymer tube makes an independent
additive stress contribution that is on average the same as every other small polymer
tube section, and which persists until lost when the tube section is first vacated by
the diffusing polymer (after which the tube section orientation is randomized so that
it makes no net stress contribution). Furthermore, for the expression in Equation
A.10 to be accurate the deformation must be small in the sense that reptative dif-
fusion will continue to progress as in equilibrium because ψ(t) was derived for the
equilibrium case. The stress expression in equation A.10 has shown fair agreement
with experiment for small rapid polymer melt deformations [36].
It is possible to use this model to make melt stress predictions for more complex
deformations and induced stress histories, such as situations in which a stress inducing
deformation is extended in time. In order to do this a few physical approximations
must be made. First, it is considered that a polymer tube section contributes to the
melt stress during a deformation until the tube section is vacated by the diffusing
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polymer. Second, an “independent contribution” approximation is made, in which
stresses induced in each small polymer tube section are considered to be independent,
and to add. In this approximation the stress contribution and survival probability
of each polymer tube section are independent from other polymer tube sections.
These assumptions can be used to generate the following stress equation for a melt
undergoing an extended stress inducing deformation:
σij(t) =
∫ t
−∞
dt′ µ(t− t′)σ(I)ij (t− t′) (A.11)
Here µ(t−t′)dt′ is the probability that a small polymer tube section which was created
in an infinitesimal time interval dt′ around time t′ will continue to exist at time t (it
will not have been vacated by the diffusing polymer). σ
(I)
ij (t − t′) is the total stress
induced in all small polymer sections at time t by some deformation history if the
deformation history acted on continuously existing polymer tube sections that began
with random orientation at time t′.
The tube section survival probability µ(t − t′)dt′ can be related to the fractional
tube survival probability ψ(t − t0) through the following argument. The survival
probability of all tube segments created before time t = t0 must be proportional to
the fractional tube survival probability from that time (all portions of the tube came
into existence at some previous time, and the fractional tube survival probability is
averaged over the possible polymer histories).∫ t0
−∞
µ(t− t′)dt′ ∝ ψ(t− t0) (A.12)
This suggests that µ(t− t′) = −A∂ψ
∂t′ (t− t′), with A being a constant. Considering the
boundary conditions of ψ, where ψ(0) = 1 and ψ(∞) = 0 (the polymer will eventually
diffuse out of the entire original tube), it is found that A = 1; −A ∫ 0−∞ dt′ ∂ψ∂t′ (0− t′) =
207
APPENDIX A. DOI-EDWARDS TUBE THEORY
ψ(0)−ψ(∞) if A = 1. Consequently the tube section survival probability µ(t− t′)dt′
is given by:
µ(t− t′)dt′ = −∂ψ
∂t′
(t− t′)dt′ (A.13)
This probability argument for the relation between the sectional and fractional tube
survival probabilities (µ and ψ respectively) is general and includes the Doi-Edwards
model as a specific case. Using the expression for ψ which was obtained in Equation
A.9 this results in µ being equal to the expression given in Equation 3.51 of Chapter
3.
The melt stress expression in Equation A.11 is sometimes altered so that the
induced stress σ
(I)
ij (t− t′) is expressed as the product of a constant stress factor and a
dimensionless deformation function. The deformation function is sometimes argued
to be a type of measure of the polymer section tube alignment. In such a case the
independent contribution approximation for polymer tube sections is referred to as
the independent alignment approximation. (Such an approximation can be motivated
by an argument analogous to the one given in Chapter 3 in which it is argued that
polymer stretching during interfacial slip does not significantly increase tension above
the equilibrium value, and so interfacial tension is governed by strand alignment.) In
this form Equation A.11 becomes:
σij(t) = σ0
∫ t
−∞
dt′
(
−∂ψ
∂t′
(t− t′)dt′
)
χij(t− t′) (A.14)
Here χij(t− t′) is the polymer tube section deformation or alignment measure, and σ0
is the stress constant (the negative sign within the integral is sometimes absorbed in
the alignment measure definition). This strategy of calculating polymer melt stress
as a function of deformation has produced fair agreement with experiment in some
cases [36]. A similar strategy is used in this work during the analysis of the interfacial
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stress due to slip induced polymer strand alignment in Chapter 3.
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Appendix B
Numerically Solving for Polymer
Strand Green Functions and
Self-Consistent Fields
In Chapter 5 a method of simulating polymers in a chemical potential field represent-
ing a polymer-polymer interface was described. This was done through calculating
polymer strand Green functions (statistical weights) in the chemical potential field,
and employing these in the move acceptance probabilities of the Monte Carlo slip-link
polymer simulation in order to obtain the correct configuration probability distribu-
tion. The chemical potential field was determined self-consistently by a numerical
calculation, and the polymer strand Green functions were then numerically calculated
in the chemical potential field. The fundamental equations governing these calcula-
tions were given in Chapter 5; in this appendix the method of numerical calculation
of the fields and Green functions is described.
Equations 5.3, 5.3, 5.4, and 5.5, determine a chemical potential field (up to an
additive constant) representing a polymer-polymer interface, and are here re-written
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for easier reference:
ωA(~r) = kBTχφB(~r) + η(~r) (B.1)
ωB(~r) = kBTχφA(~r) + η(~r)
φA(~r) + φB(~r) = 1 (B.2)
φα(~r) =
1
Qα(N)
∫ N
0
qα(~r;Ns)qα(~r;N −Ns)dNs Qα(N) =
∫
d~r qα(~r;N) (B.3)
∂qα(~r;Ns)
∂Ns
=
(
b2
6
∇2 − ω(~r)
kBT
)
qα(~r;Ns) qα(~r; 0) = 1 (B.4)
Briefly restating the meaning of these equations: The ω functions are chemical poten-
tial fields describing a polymer-polymer interface (the subscript indicating the chemi-
cal species the field acts on), and the φ functions represent the local volume fractions
occupied by each polymer species. Equation B.2 is the Flory-Huggins [48–50] expres-
sion for the chemical potential dependence on the volume fractions; χ is a repulsion
parameter and η is a local pressure. Equation B.2 conveys the melt incompressibility
constraint. Equations B.3 and B.4 give the relationship between the chemical poten-
tials ω and the volume fractions φ assuming that the polymers behave as Gaussian
filaments (in these equations α indicates either one of the species subscripts, A or B).
The derivation of Equation B.3 from the Gaussian filament model was given in Chap-
ter 5. The q functions are statistical weights for a singly constrained polymer strand,
and are related to the strand Green functions through qα(~r;Ns) =
∫
d~r ′Gα(~r, ~r ′;Ns).
Equations 5.3, 5.3, 5.4, and 5.5, together determine the chemical potential fields
ωA(~r) and ωB(~r) up to an additive constant, and this constant may be fixed by
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choice (only energy differences between locations have physical effect). The chemical
potential fields are solved for using a program named PSCF developed by Morse,
Tyler, Ranjan, Qin, and Thiagarajan, in the Department of Chemical Engineering
and Materials Science at the University of Minnesota. The descriptions given here
of the workings of PSCF follow the Ph.D. thesis of Jian Qin from 2009 [169]. PSCF
solves the equations using an iterative Newton-Raphson algorithm. The solution is
performed for a cell using periodic boundary conditions. In the program the following
quantities are defined as “residuals” to be minimized:
RI1 = φA(~r) + φB(~r)− 1 (B.5)
RI2 = ωα(~r)− χφβ(~r)− ζ(~r)
RII =
dF
dycell
The solution to the field equations should result in residuals RI1 and RI2 having value
zero. Additionally, residual RII represents the rate of change of system free energy
with respect to the periodic cell length, which is also minimized. The program works
through an iterative process by which it attempts to minimize all of the residuals.
It first begins from some approximate chemical potential profile (a guess) which is
then perturbed by a small amount. The perturbations are of the chemical potential
field and the cell length; these quantities shall collectively be referred to as Xβ (corre-
sponding to particular components of the chemical potential, or the cell length), and
perturbations shall be denoted as δXβ. The program then determines the change in
the residuals δRα as a result of the perturbation, as stores the ratio in a “Jacobian”
matrix Jαβ ≡ δRα/δXβ. The program then alters the Xα parameters according to
the Newton-Raphson method, attempting to minimize the residuals:
X(n+1)α = X
(n)
α − J (n)
−1
αβR
(n)
β (B.6)
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Here the n superscripts are labeling iterations of the algorithm. After each update
of the Xα parameters (the chemical potential field) the “Jacobian” matrix Jαβ is
recalculated, and the process is repeated. The iterations continue until all of the
residuals are zero within some specified tolerance. Because the chemical potential is
only uniquely determined by these equations up to a constant, this constant must be
chosen, often the most common choice being that the chemical potential average is
zero. When the algorithm has converged a self-consistent chemical potential field for
a polymer-polymer interface has been obtained.
More detail will now be given for the numerical method of solving the differen-
tial equations for the Green and q functions. The differential equation defining the
polymer strand Green functions is Equation 5.26 which is here reproduced for easier
reference:
∂G(~r, ~r ′;Ns)
∂Ns
=
b2
6
∇2 ′G(~r, ~r ′;Ns)− ω(y)
kBT
G(~r, ~r ′;Ns) (B.7)
G(~r, ~r ′; 0) = δ(~r − ~r ′)
Equation B.7 can be used to numerically solve for the Green functions in a chemical
potential field. In the simulation of a planar polymer-polymer boundary the chemical
potential is only a function of one dimension, and the Green function is therefore
separable (Equation 5.27). Taking y as the coordinate along which the chemical
potential field changes (the coordinate perpendicular to the planar boundary) Gy will
obey:
∂Gy(y, y
′;Ns)
∂Ns
=
(
b2
6
∂2
∂y2
− ω(y)
kBT
)
Gy(y, y
′;Ns) (B.8)
Equation B.8 can be solved for Gy, while Gx and Gz will be given by functions of
the form given in Equation 5.28. Equation B.8 is solved numerically using periodic
boundary conditions via the pseudo-spectral method [60].
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To explain the pseudo-spectral method first considered is an operator known as
the Green function arc-length propagator. The function Gy(y, y
′;Ns+∆N) is related
to the function Gy(y, y
′;Ns) through the series expansion:
Gy(y, y
′;Ns + ∆N) =
( ∞∑
j=0
∆N j
j!
∂j
∂N js
)
Gy(y, y
′;Ns) (B.9)
This can be expressed in operator notation by:
Gy(y, y
′;Ns + ∆N) = exp
[
∆N
∂
∂Ns
]
Gy(y, y
′;Ns) (B.10)
Here exp
[
∆N ∂
∂Ns
]
is defined by its series expansion in ∆N , and may be called the
arc-length propagator. For simplicity in further discussion a change in notation is
made by defining operators:
Aˆ ≡ ∂
∂Ns
Bˆ ≡ b
2
6
∂2
∂y2
Cˆ ≡ ω(y)
kBT
(B.11)
In this notation the arc-length propagator in Equation B.10 is exp
[
∆NAˆ
]
. The
relationship in Equation B.8 suggests that when acting on the Green functions the
operator Aˆ may be equivalent to the operator Bˆ− Cˆ; this further suggests that Bˆ− Cˆ
can be used in place of Aˆ in the arc-length propagator. However, Equation B.8 by
itself is not enough to guarantee complete operator equivalence on the Green func-
tions; in particular it does not guarantee equivalence of the operators under repeated
application (which is required for operator substitution in the arc-length propagator).
However, it can be quickly shown that if the operators Aˆ and Bˆ − Cˆ commute then
they are equivalent under repeated application on the Green functions. That is, the
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operators are equivalent under repeated application if the following relation is true:
Aˆ
(
Bˆ − Cˆ
)
G(y, y ′;Ns) =
(
Bˆ − Cˆ
)
AˆG(y, y ′;Ns) (B.12)
On the left side in Equation B.12 operator Bˆ − Cˆ is the first being applied to the
Green function, and it is known from Equation B.8 that a single application of Bˆ− Cˆ
is equivalent to a single application of Aˆ. Thus the left side of Equation B.12 may
be written as Aˆ2G. On the right side of Equation B.12 the operator Aˆ is the first
being applied to the Green function, and it is known from Equation B.8 that a single
application of Aˆ is equivalent to a single application of Bˆ − Cˆ. Consequently the
right side of Equation B.12 may be written as (Bˆ − Cˆ)2G. Thus it can be seen that
commutivity of Aˆ and Bˆ − Cˆ, along with Equation B.8, results in the equivalence of
Aˆ2 and (Bˆ − Cˆ)2 on the Green functions. The same process may be repeated using
higher powers of the operators, and it can be seen that commutivity [Aˆ, Bˆ − Cˆ] = 0,
and Equation B.8, together would imply that Aˆn is equivalent to (Bˆ − Cˆ)n when
acting on the Green functions for all positive integers n.
As a counter-example, consider the function f(x) = x2. For this function it is
true that ∂f
∂x
= 2
x
f(x). However, it can be seen that the operators ∂
∂x
and 2
x
do
not commute, and in this case ∂
2f
∂x2
6= ( 2
x
)2f . Thus this is consistent with operator
commutivity being required for operator equivalence under repeated application.
It can be seen from the operator definitions in B.11 that Aˆ and Bˆ − Cˆ do indeed
commute. It is apparent that Aˆ and Bˆ commute since partial derivatives commute;
Aˆ and Cˆ commute as Cˆ depends only on the chemical potential field which is here
a function only of the y dimension, and this commutes with the arc-length partial
derivative which is Aˆ. Altogether then, the operators Aˆ and Bˆ − Cˆ commute and
combined with Equation B.8 this implies that they are equivalent under repeated
application to the Green functions.
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The equivalence of the operators Aˆ and Bˆ − Cˆ means that the arc-length propa-
gator may be re-expressed:
Gy(y, y
′;Ns + ∆N) = exp
[
∆N
(
Bˆ − Cˆ
)]
Gy(y, y
′;Ns)
= exp
[
∆N
(
b2
6
∂2
∂y2
− ω(y)
kBT
)]
Gy(y, y
′;Ns) (B.13)
The arc-length propagator as given in Equation B.13 can be used to solve for
Gy(y, y
′;Ns). A computationally efficient way to apply the operator in Equation
B.13 is to approximate it in the following way:
exp
[
∆N
(
b2
6
∂2
∂y2
− ω(y)
kBT
)]
≈ exp
[
−∆N
2
ω(y)
kBT
]
exp
[
∆N
b2
6
∂2
∂y2
]
exp
[
−∆N
2
ω(y)
kBT
]
(B.14)
Comparing the series expansions (with respect to ∆N) of the expressions on the left
and right sides of Equation B.14 it is found that the leading terms are equal until
the ∆N3 term is reached, and is thus an approximate expression for the propagator
accurate up to this order.
The approximate operator on the right side of Equation B.14 can be conveniently
computationally implemented because the outside portions with exp
[
−∆N
2
ω(y)
kBT
]
can
be implemented by simple multiplication down the y dimension of the G function ar-
ray. The interior portion with exp
[
∆N b
2
6
∂2
∂y2
]
can be implemented by simple multipli-
cation after first taking theG function array into Fourier space via a fast Fourier trans-
form; in Fourier space this interior portion of the operator becomes exp
[
−∆N b2
6
k2y
]
,
with ky being the y dimension wave vector.
If the transform to Fourier space is represented by F and the inverse transform by
F−1, then the computational algorithm used to solve for the polymer strand Green
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functions can be expressed by the following equation:
Gy(y, y
′;Ns + ∆N) =
exp
[
−∆N
2
ω(y)
kBT
]
F−1 exp
[
−∆N b
2
6
k2y
]
F exp
[
−∆N
2
ω(y)
kBT
]
Gy(y, y
′;Ns) (B.15)
In this algorithmic equation the exponential operators are applied by multiplication
down the Green function array (in the relevant space, either real or Fourier). This
algorithm is known as a pseudo-spectral method.
A further step is performed to increase the numerical accuracy of the solving
algorithm. The algorithm described in Equation B.15 results in a global numerical
error of order ∆N2. The leading order error term can be subtracted off by a process
now described. During each application of the propagator the next value of the Green
function can be solved for twice, once using arc-length step ∆N , and once using
two applications of the propagator with halved arc-length step ∆N/2. Combining
calculated with the full and halved arc-length in the following way subtracts of the
leading error term:
G(y, y′;Ns) = (4G∆N/2 −G∆N)/3 (B.16)
Here G∆N is the Green function calculated via the pseudo-spectral method with
arc-length step ∆N , and G∆N/2 is the Green function calculated with half the arc-
length step. Combining the results of these two calculations according to Equation
B.16 results in a Green function accurate to ∆N4 (because of the symmetry of the
propagators in the pseudo-spectral method the error terms are only of even powers of
∆N). The q functions are calculated in an analogous way with the same accuracy (the
q function calculation proceeds along exactly the same lines as the Green function
calculation except for a boundary condition difference).
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